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ARTICLE INFO ABSTRACT

Keywords: An accurate drag correlation accounting for multiscale heterogeneous porous structures is a prerequisite for
Drag correlation reliable CFD simulation of fluidized beds. Though particle clusters in fluidized beds are usually modeled as
Permeability

porous particles, particle-resolved direct numerical simulation (PR-DNS), in which monodisperse arrays of
spheres are taken as model systems, has been widely used as a first-principle approach to derive drag correla-
tions. This work is to bridge the gap of drag correlations for monodisperse arrays of spheres and porous spheres
by considering permeability effects and derive new drag correlations using symbolic regression (SR) methods.
Firstly, experimental porous spheres settling data were utilized to identify the most important features affecting
drag force using Support Vector Machine (SVM), in which the permeability g was packed up in addition to the
solid fraction ¢ and Reynolds numbers Re. A new drag correlation for porous spheres based on ¢,Re, and g, which
has physical terms, high prediction accuracy and correct limiting cases, is automatically generated using SR
method. Then, PR-DNS data from open sources were used to distill drag correlations for monodisperse arrays of
spheres by incorporating the extra permeability parameter by SR method, demonstrating solid physical basis
with high accuracy. It is further shown the SR based on drag correlations for porous spheres and monodisperse
arrays of spheres can be reduced to limiting cases of a single solid sphere and Stokes flow. The proposed new drag
correlations not only provide a way to use permeability as a simple yet physically sounded parameter to quantify
heterogeneous structures in fluidized beds, but also open a venue for directly validating drag correlations ob-
tained purely from PR-DNS simulations with experimental data of flow around porous spheres.

Symbolic regression
Porous sphere
Monodisperse arrays of spheres

Euler-Lagrange models, both of which require in prior drag correlations
as input to account for the gas-particle interactions [9]. An accurate drag

1. Introduction

Porous structures are widely encountered in industrial processes and
two particular and essential examples are fixed/packed bed reactors
[1-3] and particle clusters or agglomerates in fluidization systems [4,5].
Fixed bed reactors, defined as an assembly of particles, are usually
regular/random packings of uniformly sized spheres [1]. Particle clus-
ters or agglomerates in fluidization systems are usually modeled as
porous spheres [6,7]. To gain a better design and optimal control of
these industrial processes which manifests porous structures, it is
essential to accurately describe the hydrodynamics therein [8]. CFD
simulations are playing an increasingly important role in this regard. At
industrial scale, CFD simulations are mainly based on the Euler-Euler or
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correlation derived via either well-designed experiments or first-
principle simulations, is a prerequisite in obtaining reliable CFD simu-
lation results [10-13]. Essentially, the choice of drag correlations,
especially the formula forms used, can significantly affect the numerical
simulation results [14-17]. Thus, it’s necessary to obtain accurate drag
correlations for above porous systems.

It should be noted that in this work, drag force F; due to the friction
between particle and fluid phase was used by converting all collected
total force Fy_; that the fluid exerts on the solid particles to F4 [18]. In
addition, Fy4 is normalized by the Stokes drag force for an isolated par-
ticle [19], which is written as dimensionless drag force F(¢,Re) =
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For monodisperse arrays of spheres systems, at the limit of Re ~ 0,
the most representative drag correlation is Carman-Kozeny (CK) rela-
tion, which is written as F = 2k x ¢/(1 — ¢)® and can be theoretically
derived based on the assumption of stokes flow through a monodisperse

dense random array of spheres [20]. The Carman theoretical term 2k x

#/(1 — $)* was considered as a basic term in the subsequent develop-
ment of drag correlations. For instance, assuming k = 5 can reduce the
CK relation to the Carman equation [21] and assuming k = 4.167 can
further reduce it to the Ergun equation [21]. In the work by van der Hoef

et al. [21], they added an extra term (1 — ¢)*(1+1.51/¢ ) into the Car-
man equation to obtain the correct limit of F—1 at ¢—0. Up to now, F =
104/(1 — ¢)* +(1 — ¢)*(1+1.5\/¢ ) proposed by van der Hoef et al. [21]
is still the most accurate drag correlation for flows of Re ~ 0 which
indicates drag force F is solely related to solid fractions ¢ for Re ~ 0,
making them “one-maker” drag models. For flows with finite Reynolds
number (Re > 0), there are two commonly used formula forms [9]. The
first one is the Ergun-type equation F(¢,Re) = F(¢,0) +aRe which is
based on drag force of Stokes flow F(¢,0) at Re = 0 with an addition
linear term « on Re to account for the effects of inertia at Re > 0. The

second one is the Wen & Yu-type equation F(¢, Re) = F(0,Re)(1 — ¢)*
which is based on drag force F(0, Re) of a single particle with an addition
term f to correct the effects of neighboring particles. For Ergun-type
equation, the parameter a was initially suggested as a function of ¢ in
the form of a(¢) = b/18(1 — ¢)%, [9] with b being 1.75 as suggested by
Ergun [22]. Later on, it has been realized that F should be optimized in
terms of both ¢ and Re, such as the bivariate function of a(¢, Re) used by
Hill et al. [23] and Beetstra et al. [18]. For Wen & Yu-type equation, the
corrected term f was initially assumed to be a constant, for example, =
3.7 following Wen & Yu [24]. Afterwards, Felice [25] found f is not a
constant but has a weak dependency on Re. In fact, Tenneti et al. [26]
showed that f can also be estimated via a bivariate functional form f(¢,
Re). To sum up, both the Ergun-type and Wen & Yu-type drag formulas
can be represented as bivariate functions of ¢ and Re, making them
“two-marker” drag models, which means F is essentially associated with
¢ and Re in the homogeneous fluidization systems.

In fact, the effects of closure markers on the performance of drag
closures have been investigated by many researchers [27,28]. Except the
direct modifications made to the Ergun-type and Wen & Yu-type drag
correlations, considering the difference of drag force between a complex
fluidized beds system (such as the solids mobility [29-34], heteroge-
neity [15,35,36], particle inertia [19,37] and so on) and the simple static
monodisperse random array system, some researchers have attempted to
use a third parameter, in addition to the typical two parameters ¢ and
Re, to derive a more accurate drag correlation. The parameters used
include granular temperature or solid concentration fluctuation
[29-34], particle cluster forming parameter Ha [35], scalar variance of

the particle volume fraction (qb')2 and normalized drift flux vy, [15]
heterogeneity index H; [36], and ratio of the particle relaxation time to
fluid relaxation time St [37].

Generally, in fluidized beds, the complex interaction between fluid
and particles makes the flow unstable, which can produce the non-
uniform multiscale structures [36]. It’s very common that individual
particles are brought close to each other to form local denser regions of
particles [35], especially the particles clusters. These non-uniform
multiscale structures can alter the interactions between particles and
the fluid and the interactions will differ from that of homogeneous
fluidization systems which have been commonly assumed in most CFD
modeling works [38]. It’s difficult for TFM to achieve grid size
convergence with traditional homogeneous drag models due to the ex-
istence of heterogeneous structures [39,40], unless a fine enough grid
and a small enough time step are used [41], which usually means an
expensive computational cost. Especially, for fluidized beds of Geldart A
particles in presence of heterogeneous structures, the prediction of flow
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hydrodynamics using coarse-grid TFM coupling a homogeneous drag
model [36] remains a challenge. This issue has become increasingly
conspicuous in especially the high-velocity fluidization systems due to
the failure of using homogeneous drag models to resolve the mesoscale
structures [42]. Although finer grids and smaller time steps can be used
to resolve these heterogeneous mesoscale structures, it boosts the
computational cost significantly even for lab-scale reactor simulations.
So, in large-scale reactor simulations including non-uniform multiscale
structures, some heterogeneous drag models have been recently pro-
posed by introducing an extra third parameter based on the traditional
“two-marker” homogeneous drag models F = f(¢, Re). Rubinstein et al.
[15] found F can decrease significantly as the extent of inhomogeneities
increases over a range of length scales. The extent of inhomogeneities is
quantified by the scalar variance of the particle volume fraction or the
drift flux which was introduced into drag models as the third parameter.
Mehrabadi et al. [35] found the mean drag on clustered configurations
decreased compared to that of uniform configurations and proposed a
drag model accounting for clusters by introducing the new parameter
Ha. Chen et al. [43] found four markers, including the scalar variance of
solid volume fraction, the gas drift velocity, the solid drift velocity and a
third-order moment, can affect the filtered drag force significantly, and
they proposed modified drag models including different combinations of
the above four markers. Thus, new parameters accounting for particle
concentration configurations are constantly introduced into the tradi-
tional “two-marker” homogeneous drag models F = f(¢, Re) to improve
the prediction performance.

Meanwhile, for porous sphere systems, compared with F = f(Re) for
solid spheres, permeability which can quantify distributions of particle
concentration configurations to some extent is introduced into drag
correlations to account for porous structures [7,44,45]. The flow phe-
nomena for flow past these porous structures, are not only depended on
the solid fraction, but also related to the detailed internal porous
structures [46,47]. Errors occur if the flow is described by porosity alone
due to the difference of some related parameters in controlling flow,
such as pore size, relative surface area and the space connectivity [48].
So, permeability which is used to correlate the porosity ¢ (¢ = 1 —¢)
with associated porous structures [47] is a vital parameter in drag cor-
relations of porous spheres that can quantify with ease for fluid flow past
the porous domain [46]. Note that there are similarities in the config-
urations (such as porosity, monomer sizes and packing ways) between
the above two porous systems: monodisperse arrays of spheres and
porous spheres. Therefore, drag correlations of them should also be
analog and permeability parameters should also have effects on drag
correlations of monodisperse arrays of spheres. However, as the authors
known, no work has been done to link drag correlations between them.

Meanwhile, it is hard to derive a theoretical expression of drag cor-
relations for either fluidized bed systems or porous spheres at Re > 0 due
to the existence of theoretical derivation gaps. The rapid development of
computer science in recent years makes it now possible to analyze the
complex data with theoretical derivation gaps via machine learning
methods. One of the effective methods is symbolic regression (SR),
which is an advanced computational method for automatically deriving
the mathematical expressions by searching both the specific function
forms and detailed parameter values simultaneously based on given
input-output data. In recent years, SR has been successfully applied to
some scenarios in chemical engineering, for example, studying settling
velocity of non-cohesive particles [49], predicting voidage distribution
in liquid-solid fluidized beds [50], and the establishment of drag cor-
relations for Geldart B particles [8] and for a single solid sphere [51].
However, there is still a gap for considering physical terms of drag
correlations in monodisperse arrays of spheres and porous spheres based
on SR method.

Support Vector Machine (SVM) is an algorithm for classification
based on statistical learning theory [52] to score subsets of variables
[53], and can also be an excellent method for feature selection [54].

Therefore, the purpose of our current work is twofold. First, we
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Fig. 1. Flowchart of the symbolic regression approach for generations of drag correlations.

intend to bridge the gap of drag correlations for monodisperse arrays of
spheres and porous spheres by considering permeability effects in
traditional drag models F = f(¢, Re). Second, we try to derive new drag
correlations accounting for the effects of permeability with physical
meanings for flow past monodisperse arrays of spheres and porous
spheres using the SR method. The paper is organized as following. We
first briefly introduced the SR methodology. Then we used the Support
Vector Machine (SVM) to identify the top three important features for
drag correlations of porous spheres based on our settling experimental
data, followed by the derivation of a drag correlation for porous spheres
accounting for the permeability. After that, we analyzed the PR-DNS
drag data for flow past random arrays of spheres at small Re to
confirm the role of permeability in drag correlations. We further ob-
tained a drag correlation for monodisperse arrays of spheres using SR
method, which are followed by some discussions and conclusions.

2. Symbolic regression method

Symbolic regression, a supervised machine learning algorithm, is an
advanced computational technique that can be used to simultaneously
search both specific function forms and optimal parameter values using
the available data sets, which allows the derivation of data-fitting
function expression forms and parameters with no in prior knowledge
[8].

Fig. 1 shows the flowchart of SR approach used in this study. Firstly,
a set of data are collected. Secondly, the numerical partial derivatives for
each pair of variables are calculated and candidate symbolic functions
are generated. Symbolic partial derivatives for candidate functions are
compared with numerical partial derivatives based on error metrics.
Then further optimizations by crossover and mutations are carried out
until sufficient accuracy is reached. Therefore, at the final step, best
solutions are selected based on the balance of accuracy, complexity and
physical meanings. The SR was carried out in this work by use of the
software package Eureqa developed by Schmidt et al. [55]. All input data
sets were split randomly into training data sets and validation data sets,
which account for 75% and 25% of whole datasets, respectively, to
improve the generality of target equations and avoid overfitting in SR
operations [49]. All solutions were evaluated against the Mean Squared
Error (MSE), which is the average squared difference between outputs
and targets, as defined in Eq. (1), and the Normalized Root Mean
Squared Error (NRMSE) as defined in Eq. (2). NRMSE is the normalized
MSE, which can eliminate the effect of original data and provide a

quantitative criterion for the prediction ability of different correlations:

1 n
MSE = ZZM (b —p.) )
NRMSE = vVMSE/b (2)

where n is the size of the sample, p the predicted value, b the
observed value, and b the average of observed values [49].

Formula building blocks used in this study include constants, integer
constant, variables and mathematical operators such as addition, sub-
traction, multiplication, division, exponential, natural logarithm, power
and square root. For each formula building block, a specific value was
set to examine the complexity of the formula forms [55]. SR was then
carried out by finally reaching a trade-off between complexity and ac-
curacy in searching for an optimal solution for formula forms of drag
correlations. The total complexity of a solution can be quantified and
compared by calculating the sum of complexity for all formula building-
blocks in the solution. The search algorithm compares partial derivatives
for pairs of variables Ax/Ay (x and y indicating F, Re and ¢) obtained
from training dataset with symbolic partial derivatives of pairs of vari-
ables 6x /3y calculated from each candidate symbolic function f(x,y) to
evaluate the prediction ability of intrinsic relations between variables
and data, which is detailed in Schmidt et al [55]. The partial-derivative-
pairs search criteria can generate a few analytical expressions directly
from training data. Some of candidate solutions that can minimize MSE
based on validation dataset are reserved while poor performing candi-
date solutions are discarded [49]. Reserved solutions will have a further
evolution and optimization by crossover and mutations and the detailed
description can be found in Sonolikar et al [8].

In this study, the termination of SR operation was set as 10'! for-
mulas had been generated and evaluated, ensuring the candidate solu-
tions captured as many as possible the key features of data sets. The final
output was a series of best solutions with the least error metric and
reasonable complexity, and the best correlation was picked manually
from the best solutions based on the balance of complexity, accuracy and
physical meaning [56].

3. Results and discussions
3.1. Drag correlations for porous spheres

In order to investigate drag correlations of fluidized beds with



L. Ma et al.

N ¢ k B @ s d Re

Fig. 2. Weighted ranking of eight features for porous spheres.

spherical clusters existing in a direct experimental way, porous spheres
settling experiments were carried out and the details can be found in our
previous work [7]. Without incorporating any in prior information, 36
experimental drag data sets for porous spheres with Re =1 ~ 110 were
used to distill drag correlations of porous spheres. In doing so, the top
three most important variables dominating the drag correlations of
porous spheres were first selected by SVM method. Then the drag cor-
relations were distilled based on these three variables using SR method.

Many researches have been conducted to link the structural features
of a porous domain to permeability k, and thus k(¢) should be specified
for the structure of any given porous solid [57-61]. The permeability
model that is the most widely used for a dense sphere-packed swarm is
the Carman-Kozeny model [47,59]. It can be expanded into a more

common form of k = <s3 (d/2)? ) / <9C(1 —¢)? ) for hard monodisperse

spheres systems of diameter d[62]. It was [47] found the empirical
scaling factor C = 5 showed a good fit to k(¢) and is suitable for many

porous structures. Thus, k = (esdz) / (180(1 - 6‘)2) is used to charac-

terize the permeability of monodisperse random array spheres systems
in this work. In this work, the normalized permeability $, which is a
function of not only the solid concentration ¢ but also the relative
dimension d/D, is used to represent permeability property [44,63]. f is
calculated by.
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ﬂ:D/(zﬁ) :D/(Z (@2e3)/(180(1 —3)2)> (3)

where D is the characteristic length of porous domain.

Here, eight input variables of porous spheres, including number of
monomers N, porosity ¢ (¢ = 1—¢), permeability k, dimensionless
permeability f, correction factor Q [64], relative surface area S [65],
diameter of monomers d and the Reynolds numbers Re (The definition is
based on the diameter of the whole porous sphere), together with one
output variable, i.e. the drag coefficient Cp, are used to learn feature
weights in kernel spaces based on SVM [54]. All features are ranked in
Fig. 2 and the results show that ¢, Re and § are the top three most
important variables which suggests that the normalized permeability
should be included in the drag correlations in addition to ¢ and Re.

Thus, ¢, Re and f are used as input variables to distill symbolic
regression drag correlations of porous spheres and one candidate from
the list of Best Solutions is shown as.

1.226Re  21.06¢
24 24Re

17.85Re
24p

F=1.305+ @

As is well known, for a single solid sphere, the common functional
form of drag correlationsis F =1 + f(Re™), with 1 being the Stokes term
and f(Re™) being the additional correction terms for inertial effect at
high Re. It is interesting to note that Eq.(4) approximately satisfies the
functional form F = 1 + f(Re™) + f(Re, ¢, ), in which the first term
1.305 denotes the Stokes solution for Re = 0 and the deviation from the
theoretical limit of 1 could be caused by the surface roughness of porous
spheres. The second term denotes the correction of inertial effects for
Re >0 and the remained term f(Re,¢,p) is the correction term for
porous structures. Note that Cp, = (24/Re)F, we can rewrote the first
term F =1.305 as Cp ~ 31.32/Re for the Stokes flow in the limit of
Re ~ 0, which is quite close to the analytical solution [66], F = 1 as well
as Cp ~ 24/Re. The difference may be due to the nonideal sphericity of
the porous spheres compared to that of the solid sphere. It was similarly
found that the drag coefficient of a rising spherical bubble with de-
formations may differ from that of an ideal spherical bubble [67].

Besides, in terms of prediction performance, Eq.(4) can cover all raw
data points and characterize major features of raw data points. As shown
in Fig. 3(a), most of the relative errors are within + 15%. The error
metrics Mean Relative Error (MRE) and NRMSE of the predicted F by Eq.
(4) are respectively 8.83% and 0.266.

Additionally, Eq.(4) can be reasonably reduced to the case of a single
solid sphere.

1.226Re
24

F=1305+ ()

(b) 20

Fsolid sphere in Terfous et al.

Fuwhen porous sphere reduces to a solid sphere

10 10 10

Re
P

Fig. 3. (a) Comparison of predicted vs. observed F based on Eq.(4), (b) Drag correlations reduced to a single solid sphere for Eq.(5) and drag correlations for a single

solid sphere in Terfous et al. [68].
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Table 1
Summary of two SR cases for drag correlations at Re = 0

No. Application Target expression  Type
range
Case Re =0 F = f(¢,Re) Without prior form
1
Case Re =0 Fo 10¢ With prior form: Carman
2 T (1-¢)? theoretical term
f(#)

by assuming ¢ = 0 and p— + oo. As shown in Fig. 3(b), the com-
parison of drag correlations for solid spheres proposed by Terfous et al.
[68] with Eq.(5) obtained by SR in this work demonstrates a fairly good
agreement, indicating that Eq.(4) can be successfully reduced to the case
of a single solid sphere.

3.2. Drag correlations for monodisperse arrays of spheres

Particle-resolved direct numerical simulation (PR-DNS) [69] has
been considered as a first principle simulation approach to derive or
verify drag correlations for gas-solid systems, because it can calculate
the drag force directly by imposing no-slip boundary conditions at the
surface of solid particles [35,70]. In most of the PR-DNS simulations, the
monodisperse arrays of spheres were taken as the model system for
calculating the drag force acting on single particle in presence of sur-
rounding particles with a regular and/or random arrangement. The
monodisperse arrays of spheres, to certain extend, manifest similarity to
the porous sphere in terms of porous structure. In this work, drag data
for monodisperse arrays of spheres from PR-DNS were collected from the
literature, which were first used to validate the reasonability of SR
method to distill drag correlations underlying discrete drag data points.
We then used SR method to develop a new drag correlation by including
the permeability for calculating the drag force acting on a single particle
in the monodisperse arrays of spheres for a wide range of Re.

3.2.1. Validation of SR method for monodisperse arrays of spheres

In this work, 43 drag data points F = f(¢, Re) directly obtained by
PR-DNS for Re = 0 from 4 open sources, including van der Hoef et al.
[21], Hilletal. [71], Tenneti et al. [26] and Sheikh et al. [72], have been
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used to automatically derive drag correlations for monodisperse arrays
of spheres for Stokes flow via SR method. In SR methods, it is possible to
use the prior knowledge to seed equation searching by initializing the
search space of candidate formula forms with terms based on known
physical information. Two different cases were studied using SR method
with or without prior physical information as initial inputs constraining
the search space of formula forms. The results are listed in Table 1.
Target expressions stated in Table 1 are formula forms used for initial
search settings: “without prior form” means that there was no restriction
on target expressions and search results were entirely driven by data
without any prior knowledge; “prior form” means that a known
expression was given in prior and algorithms would obtain remaining
forms based on the training data. The prior form is Carman equation,
which is theoretically derived for Re = 0 [21].

Final best solutions for two cases, as well as their range of applica-
bility, accuracy evaluation indexes (MSE, NRMSE, R?, CC), the number
of fitting coefficients and complexity values for formula building-blocks,
are listed in Table 2. Note that R? is the goodness of fit and CC is the
correlation coefficient, both being evaluated against validation data.
Niiing and C are respectively the number of fitting coefficients and the
complexity, which are statistical values based on the searched forms
excluding the pre-defined forms.

As shown in Table 2, without incorporating any in prior knowledge,
the best solution for Case 1 includes the same theoretical term F = 2k x

#/(1 — ¢)* derived by Carman [20], which illustrates that the intrinsic
relationship between F and ¢ underlying the collected data sets can be
captured.

SR regression equations can also satisfy reasonable limiting values.
For case 2, incorporated in prior information in SR operation, the Car-
man equation F = 10¢/(1 — ¢)* was assumed as a feature term and the
Best Solution 2 can reduce to F = 1 as ¢ approaches 0, which reflects
drag force of a single solid sphere in Stokes flow. Due to the nonideality
of collected data sets, the Best Solution 1, which was derived without
any in prior information, have a slight bias with F(¢ = 0,Re =0) = 1.
The existence of such small deviation is probably due to the pathological
nature in mathematics for fitting nonideal data points with noises.

Besides, as shown in Fig. 4(a), NRMSE for both the Best Solutions 1
and 2 are smaller than that of the correlation in van der Hoef et al [21],
which is the “most accurate” drag correlation for Re = 0 system for static
monodisperse random arrays so far. It indicates that SR has the better
prediction accuracy for obtaining drag correlations, even when the size

Table 2
Best solutions of two SR cases for drag correlations at Re = 0
Case Best Solution Application MSE & NRMSE R2&CC Niitting&C
range
1 Fo 1239 6.9 862 Re =0, ¢ =10,0.71] 0.846 R? = 0.995 3
1-¢?® 1-¢ 0.049 €C=0.998 13
2 104 Re =0, ¢ =[0,0.71] 1.969 R? = 0.992
F=—"_+(1-¢)yT— '
(1—¢)? (1-4) ¢ 0.074 CC = 0.996 7
(a) o (b) o Best Solution | 00 Best Solution 2
zero error line ’ z o . zero error line . z oA £
" = = '+5% error line . /," ¢ = = 5% error line < ’—r ¢
! 80F © data (NRMSE=0.049) & ” - 1 80f data (NRMSE=0.074) 5 /, oo
e .,
, ’/ * 7’ ,r
2% < 60t 4 { 6ot 44
8 0.075 0.074 = P Z
g ] 7 Z
< & 227 27
0.06 = 40F < 4 40t H (3
0.049 g z
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o4 20F ! 20} 4
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Fig. 4. (a) Comparison of NRMSE for Best Solutions 1, 2 and van der Hoef et al [21], (b) predicted vs. observed F for Best Solutions 1 and 2.
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of data set is as small as only 43 data points. In addition, the predicted F
versus the observed one for the Best Solutions 1 and 2 are plotted in
Fig. 4(b). The relative errors for SR derived correlations are within +
5%.

All assessed SR correlations, without any negative or other abnormal
values (outliers or mutant values), manifest a consistent trend with
existing correlations (Carman [20], Kim & Russel [73], Ergun [22], Wen
& Yu [24], van der Hoef et al. [21], Tang et al. [9], Tenneti et al. [26],
Beetstra et al. [18], Hill et al. [23], Brinkman [21], Koch & Sangani
[74]) and data points (van der Hoef et al. [21], Hill et al. [23], Tenneti
etal. [26], Sheikn & Qiu [72]) in the literature. Thus, the output F can be
a good approximation in the parameters space if the input ¢ and Re are
reasonably chosen.

Additionally, one of the most important applications of drag corre-
lations is to calculate the interphase momentum transfer in CFD simu-
lations for solid-gas two-phase flows. Therefore, the continuity of the
first and second derivatives of F over ¢ are quite essential to ensure the
numerical stability of CFD simulations. The first derivative 0F/d¢ and
the second derivative 9°F/d*¢ for Best Solutions 1 and 2 are continuous,
smooth and nonconstant over the whole range of ¢, which indicates
them can be potentially used in CFD simulations.

Thus, after the successfully validation, it can be regarded that SR can
distill the physics and relationships underlying discrete drag data points.
The permeability parameter will be introduced into drag correlations for
monodisperse arrays of spheres in the following section.

3.2.2. New drag correlations with p for monodisperse arrays of spheres

DNS for flow past monodisperse random array spheres of diameter d
in fluidization system are usually carried out in a box of n, x n, x n,
lattice sites with a specific number of particles N [9,18,21,71]. So, the
correlation between solid fraction, particle number and box size is
written as Eq.(6).

¢ = Nrd’ / (6n.n,n.) (6)

The cubic box is transformed to an equivalent diameter D of a sphere
and when ¢ and N are given, d/D can be obtained by Eq.(6). Then, the
dimensionless permeability $ can be calculated based on Eq.(3) with a
given ¢.

For Re = 0, in Hill et al. [71], simulation parameters used for sim-
ulations of Stokes flow in monodisperse random array spheres are given
and we calculated the dimensionless permeability $ based on each ¢.
Hill et al. [71] found F is inversely proportional to N which is the
number of spheres in their computational domain. A prior equation form
F =k (¢) +k2N~1 was given for Re = 0 and fitted to plots based on two

markers ¢ and N in their work, written as F = 1 + (3/v2)¢"/? +
0.667N~1. In this work,  was further calculated by us based on N, ¢ and
Eq.(6) and it was found that F decreased with f increasing at a same
porosity, as Fig. 5(a) shown, which indicated that permeability indeed
has effects on the simulated drag force F for Re = 0.

For Re > 0, as can be seen from Fig. 5(b), when ¢ and Re are the
same, it is clear that there is a difference among the simulated F for
different authors [9,18,72] due to the different permeability depended
on their computational domain settings. According to the f that are
calculated based on parameters of computational domains in the liter-
ature [9,18,72], it can be found that F are also inversely proportional to
p for Re > 0.

Thus, in this section, based on ¢, Re as well as 5, we further explore
the feasibility of using SR to obtain a new three-parameter drag corre-
lations accounting for the effect of permeability for monodisperse arrays
of spheres. Following the SR method in Section 2, without incorporating
any prior information or prior formula forms, we distilled 221 PR-DNS
data for 0 < Re < 1050 for monodisperse arrays of spheres in Hill
etal. [71], Beetstraetal. [18], Tang et al. [9] and Sheikh and Qiu [72] in
which parameters of computational domain to calculate permeability
were provided. One correlation from the list of Best Solutions is shown
here:

Fo 8.44¢ " 8.44¢ n 0.889 +0.03842Re — 6.494 x 107°Ré?
(1-¢ (1=9) (1-9¢) (1-¢) -
0.0001212Re x 0.214p
< (11— gy +(1¢)¢RE—32.1<1—¢)>

It is interesting to note that Eq.(7) satisfies the functional form F =
2k x ¢/(1 —p)* + f(@) + f(#,Re) + f(¢,Re, ), in which the first term
2k x /(1 — ¢)* = 8.44¢/(1 — ¢)* denotes the theoretical term derived
by Carman [20] for Re= 0, the second term
f(¢) = 8.44¢/(1 —) +0.889/(1 — ¢)* represents the correction for
stokes limiting case F(¢p) =0,Re=0)=1 and the third term
f(¢,Re) = (0.03842Re —6.494 x 10 Re?) /(1 — ¢)* is the correction
term for inertial effects for high Re regime. The remained term
f(¢,Re, ) = 0.0001212Re x /(1 — ¢)* +0.2148/((1 — ¢)vRe —32.1
(1—¢)) is the correction term for permeability effects. It should be
stressed that, the CK relation will reduce to Carman equation for k = 5
and Ergun equation for k = 4.167. We argued that the reasonable range
of empirical coefficients 2k is 8.334 ~ 10 which covers the coefficient
8.44 in the first term in Eq.(7), indicating the reasonability of the first
fitting term. For stokes limiting case, Eq.(7) comes to F(¢) = 0,Re = 0)
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Fig. 6. (a) Comparison of predicted vs. observed F based on Eq.(7), (b) Drag correlations reduced to a single solid sphere for Eq.(5), Eq.(11) and drag correlations for

a single solid sphere in Terfous et al. [68].

0.889 which is very close to the theoretical value 1, which also proves
the SR method can unveil the underlying physics reasonably. Eq.(7) can
cover all raw data points and characterize major features of raw data
points with a low error metrics MRE = 14.1% and NRMSE = 0.182,
indicating a good prediction performance. As shown in Fig. 6(a), most of
the relative errors are within + 30%.

Eq.(7) can be reduced to a reasonable bivariate functional form F =
f(¢,p) for stokes flow at the limit of Re = 0:

8.44¢+ 0889 844+ ¢  0214p
(1-¢) (1-¢) 32.1(1-¢)

In Hill et al [71], as mentioned above, for Re = 0, it was found that F
is inversely proportional to N, which is the number of spheres in the
computational domain and a fitting correlation F = f(¢, N) was given as
Eq.(9) shown.

F=f(¢,p) = (8

F=1+ (3 /\/i)(/)“ +0.667N"! ©)

Eq.(9) can be further written as F = f(¢, ), as shown in Eq.(10), in
order to be compared with our results in Eq.(8).

-1

@X ( 45¢2 >l.5
T \F-9¢)

It can be found that the error metric of the predicted F by Eq.(8) is
MRE = 23.7% and NRMSE = 0.540 which are still much lower than that
(MRE = 40.0%, NRMSE = 1.545 based on Eq.(10)) in Hill et al [71],
which indicates the prediction accuracy is improved significantly even
when Eq.(7) is reduced to Stokes flow.

Additionally, Eq.(7) can also correctly reduce to a single solid sphere
case when —0 by assuming ¢—0 and k— + oo, i.e. in case of the void.
Eq.(7) can be written as Eq.(11).

F=1+ (3/\/5)¢"-5+o.667 (10)

F = 0.889 +0.03842Re — 6.494 x 107°Ré? 11)

As shown in Fig. 6(b), the proposed drag correlation Eq.(7) can also
reduce to a single solid sphere successfully. The agreement of Eq.(5), Eq.
(11) and drag correlations for a single solid sphere in Terfous et al. [68]
in Fig. 6(b) indicates when it is reduced to a single solid sphere, drag
correlations for monodisperse arrays of spheres and porous spheres can
achieve approximately the same results.

Note that it is a common practice to give a prior equation form by
manual interferences to satisfy the physics considerations/limiting cases
and to fit the remained terms using experiments/simulations data in
deriving drag correlations. As can be found here, without any prior
knowledge or expression forms, drag correlation Eq.(7) obtained by SR
method based on the open sources PR-DNS data can automatically

account for the effect of permeability with physical basis. Additionally,
it can both correctly reduce to drag correlations for a single solid sphere
and/or stokes flow at the limit of Re = 0. Owing to the data-driven
nature, Eq.(7) agrees satisfactorily with original data points with a
low error metrics MRE and NRMSE, which suggests that the data-driven
drag correlation derived using SR method is robust and generic.

4. Conclusions

This work provides a way to bridge the gap of drag correlations for
monodisperse arrays of spheres in fixed beds and porous spheres in
fluidized beds by introducing parameters of permeability into drag
correlations. New drag correlations are generated by data driven based
on symbolic regression method without any prior target expression.

For porous spheres, the top three most important features ¢, Re, § are
picked up by Support Vector Machine method based on our experi-
mental porous sphere drag data which verifies the importance of
permeability effect in porous sphere systems. Then, based on the above
three parameters, a drag correlation F = f(¢,Re, #) which has physics,
high prediction accuracy and correct limiting cases, is automatically
generated by symbolic regression.

For monodisperse arrays of spheres, by use of the PR-DNS drag data
points available in open sources, we found that permeability indeed has
effects on the simulated drag force F. With 221 PR-DNS data for 0 <
Re < 1050 collected, we derived a new three-parameter drag correlation
F = f(¢,Re, p) using SR method, which was based on the same three
parameters as those of porous spheres, introduced the dimensionless
permeability f as the third parameter into traditional drag correlations.
It is shown that the derived three-parameter drag correlation has solid
physical basis, good prediction performance and correct limiting cases
when reduced to a single solid sphere [68] and/or Stokes flow at Re = 0.

It is further shown that for the limiting case of reducing to a single
solid sphere, drag correlations for monodisperse arrays of spheres and
porous spheres can reach a state of unity. Thus, new drag correlations
are introducing permeability parameters into traditional drag models
F =f(¢,Re). On the one hand, it might be possible to use permeability as
a simple yet physically sounded parameter for understanding the het-
erogeneous structures in fluidized beds. On the other hand, it could
provide a way to link drag correlations for monodisperse arrays of
spheres and porous spheres, which may open a venue for directly vali-
dating the drag correlations obtained purely from CFD simulations with
experimental data of the fluid flow around porous spheres.
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