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As one of the most significant parameters in fluidized beds design and operation, the minimum fluidiza-
tion velocity (Umf) has received utmost attention since 1940s. As an effective reference for evaluating the
fluidization characteristic, Umf is conventionally predicted using the empirical correlation developed
based on experiments for the specified gas-solid system. Despite more than 100 correlations proposed
in the literature, these correlations show great diversity in either the applicable regimes or the mathe-
matical formulae. Thus a general correlation for accurately determining Umf is highly desired. In this
work, with a recently established database of Umf mined from published papers, the empirical correla-
tions with four different formulae were first assessed for Geldart Groups A, B, and D particles, respec-
tively. In view of the application limitations, modifications to different formulae of empirical
correlations have been made to achieve satisfactory performances in predicting Umf for either Geldart
Groups A, B, or D particles. Note that Umf is essentially determined by the balance between the gravita-
tional force and drag force for a gas-solid system, a new formula based on a fluidized bed drag correlation
derived from direct numerical simulations (DNS) was proposed. By using this formula, we developed a
general correlation for Umf in gas-fluidized beds, which exhibits the best performance for all Geldart
Groups A, B, and D particles when compared with empirical correlations reported in the literature.
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Notation

d particle diameter (lm)
U velocity (cm/s)
g gravitational acceleration (m/s2)
p particle
g fluidized gas
mf minimum fluidization

q density, kg/m3

e minimum fluidization
l dynamic viscosity, Pa�s
u particle sphericity
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1. Introduction

As one of the most important reactors, gas-solid fluidized bed
has been widely employed in chemical industrial processes (Liu
et al., 2019; Mahmoudi et al., 2010; Sadeghbeigi, 2012; Tian
et al., 2015; Wang and Zhu, 2020; Wang et al., 2021) due to its sev-
eral unique advantages such as the excellent heat and mass trans-
fer capabilities (Gutfinger and Abuaf, 1974). The minimum
fluidization velocity (Umf) is considered to be a crucial hydrody-
namic parameter for the fluidized beds design and operation, as
well as a function of the physical properties of particles and flu-
idized gases, and operating variables (e.g., temperature and pres-
sure) (Anantharaman et al., 2017; Feng et al., 2017; Sangeetha
et al., 2000; Shao et al., 2020; Subramani et al., 2007). However,
until now, the relationship between Umf and the functional vari-
ables has not been fully explored (Tan et al., 2008). In practice,
the accurate prediction of Umf is important for chemical engineers
to optimize the performance of the fluidized bed, because Umf sets
the lower limit of the gas flow rate required for minimum fluidiza-
tion (Bilbao et al., 1987). Traditional experimental methods of
determining Umf (e.g., pressure drop method (Chiba et al., 1979)
and Gaussian spectral pressure distribution (Parise et al., 2008),
are time-consuming and also limited to specified conditions. Thus,
chemical engineers have been working on developing suitable
empirical correlations to predict Umf through methods of dimen-
sional analysis (Coltters and Rivas, 2004; Fang et al., 2020), force
balance (Halvorsen and Arvoh, 2009; Xu and Zhu, 2008), and so
on. Although these empirical correlations can meet the experimen-
tal results satisfactorily within the scope of their development, sig-
nificant divergences will occur when they are extrapolated to
systems with different characteristics from the original system
(Fletcher et al., 1992; Gupta et al., 2009). Therefore, a comprehen-
sive qualitative or quantitative assessment of these correlations is
necessary. Lots of related works, in fact, have already been carried
out. For instance, Fletcher et al. found that some published correla-
tions were not applicable to certain specific Geldart Group B parti-
cles and their performances were even worse than the simplified
Ergun equation (Fletcher et al., 1992). Gupta et al. also verified that
quite a few correlations exhibited large deviations when calculat-
ing Umf of some Geldart Group B materials (Gupta et al., 2009). This
was also confirmed by Coltters et al., who found that a significant
disagreement occurred when the correlations were used to predict
Umf in the extractive metallurgical process of ores (Coltters and
Rivas, 2004). Recently, Anantharaman et al. conducted a compre-
hensive and detailed assessment of these empirical correlations
available in the published literature for Geldart Groups A, B, and
D particles and concluded that almost all correlations had their
limitations; they could only exhibit perfect performances in the
specific system (Anantharaman et al., 2017). In brief, the empirical
nature of the correlations makes it impossible to confidently
extrapolate them to systems with different characteristics from
the systems they were developed.

In our previous work (Zhou et al., 2021), a database of Umf,
containing Umf and other eight functional properties (particle
2

diameter, particle density, particle sphericity, bed voidage, gas
density and gas viscosity, operating temperature and pressure)
was established by automatic literature data extraction using text
mining algorithm. To the best of our knowledge, the database con-
tains the most extensive collection of particle and gas properties,
allowing us to make a comprehensive evaluation of these empirical
correlations, and more importantly, to develop new correlations
with the regression analysis method. Therefore, in this work, the
performances of some empirical correlations are first evaluated
for Geldart Groups A, B, and D particles with the database, which
can give an indication of the range applicability of these correla-
tions. Then, modified correlations are developed by determining
the empirical parameters with the database and their perfor-
mances are also evaluated subsequently. Note that Umf is essen-
tially determined by the balance between the gravitational force
and drag force of the gas-solid system, a new formula based on a
fluidized bed drag correlation derived from direct numerical simu-
lations (DNS) is proposed. By use of this new formula, a general
correlation for determining Umf is developed, which exhibits the
best performance for Geldart Groups A, B, and D particles when
compared with the modified correlations and empirical correla-
tions reported in the literature.

2. Evaluation criteria

To quantify the differences between the evaluated correlations,
some commonly used evaluation criteria are adopted. Firstly, we
set the relative error to ±35%, and then calculate the percentage
of data points within the relative error range of the total data,
which is called predictive capability and abbreviated as PC. Besides,
the average absolute relative error (AARE) and coefficient of deter-
mination (R2) are also calculated, as shown in Eqs.1–2:

AARE ¼ 1
n

Xn
i¼1

Umf ;i databaseð Þ � Umf ;i correaltionð Þ
Umf ;i databaseð Þ

����
���� ð1Þ

R2 ¼ 1�
Pn

i¼1 Umf ;i databaseð Þ � Umf ;i correaltionð Þ� �2
Pn

i¼1 Umf ;i databaseð Þ � Umf ;i databaseð Þ
�� �2 ð2Þ

where n,Umf ;i correaltionð Þ and Umf ;i databaseð Þ are the total num-
ber of data samples, the calculated value for the ith sample with
the specific correlation, and the extracted value for ith sample in
the database, respectively. Specifically, the value of one for R2 indi-
cates that the curve passes through every data point, while the
value of zero means the regression model does not describe the
data better than a horizontal line passing through the average of
the data points. It should be noted that if a correlation is com-
pletely inappropriate for predicting Umf, the negative value of R2

will be given. AARE represents the difference between the calcu-
lated and extracted values and is used to designate the accuracy
of the theoretical models (Hosseini et al., 2019). Therefore, the suit-
ability of a correlation is quantified by higher values of PC and R2,
and a lower value of AARE.
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3. Results and discussions

3.1. Performances of the empirical correlations

Although hundreds of empirical correlations have been pro-
posed since 1940s when the first fluidization work was published,
they can be broadly classified into four groups (Anantharaman
et al., 2017):

Remf ¼ A � Arb

Umf ¼ K � Xa ð4Þ

Remf ¼ Ar

pþ q
ffiffiffiffiffi
Ar

p ð5Þ

Remf ¼ ðK2
1 þ K2ArÞ0:5 � K1 ð6Þ

herein, A, b, K, a, p, q, K1, and K2 are empirical constants, which
can be derived by regression analysis based on the experimental
data. Ar and Remf represent the dimensionless Archimedes number
and Reynolds number at minimum fluidization, both of which are
functions of physical properties of particles and fluidized gases:

Ar ¼
qgd

3
p qp � qg

� �
g

l2 ð7Þ

Remf ¼
qgUmf dp

l
ð8Þ

where dp, qp, qg , l and g are particle diameter, particle density,
gas density, gas viscosity, and gravitational acceleration,
respectively.

According to the Geldart classification (Geldart, 1973), the
extracted database contains 195, 756, and 265 groups of Geldart
Groups A, B, and D particles, respectively (Zhou et al., 2021). Gel-
dart Group C particles are not considered in this work because of
the strong inter-particle forces, which makes the fluidization diffi-
cult (Geldart, 1973). The specific distribution of each property in
the database can be referred to our previous study (Zhou et al.,
2021). In the following evaluation work, the influences of operating
temperature and pressure are also implicitly reflected on the gas
density and viscosity (Shao et al., 2020; Zhou et al., 2021).

3.1.1. Performances of empirical correlations with Remf ¼ A � Arb type
Since dozens of such correlations of this type have been pro-

posed, in this work, we selectively evaluated six correlations of
them, as listed in Table 1. Note that the correlation of Baeyens
et al. (Baeyens and Geldart, 1973) was originally developed for Gel-
dart Group A particles, here, however, we also evaluated it against
Table 1
Statistical analysis results for different correlations with Remf ¼ A � Arb type.

Researchers Correlations A B

AARE R2 PC A

Leva (Leva, 1959) Remf = 0.000822Ar0.94 0.342 0.322 62.6% 0
Pillai et al. (Pillai and Rao,

1971)
Remf = 0.000701Ar 0.334 0.463 66.2% 0

Baeyens et al. (Baeyens and
Geldart, 1973)

Remf = 0.0009125Ar0.934 0.344 0.346 64.6% 0

Doichev et al. (Doichev and
Akhmakov, 1979)

Remf = 0.00097Ar0.947 0.371 0.417 64.6% 0

Fletcher et al. (Fletcher
et al., 1992)

Remf = 0.000714Ar 0.335 0.471 65.6% 0

Tannous et al. (Tannous and
Lourenço, 2015)

Remf = 0.0123Ar0.8086 7.334 �1.937 4.1% 3

3

Geldart Groups B and D particles following the review
(Anantharaman et al., 2017). The comparisons between the calcu-
lated and extracted values of Umf for all Geldart Groups particles
with the boundaries corresponding to �35% error are shown in
Fig. 1. And the individual comparison results for Geldart Group A,
B, and D particles are shown in Figs. S1-S3, respectively. Moreover,
Table 1 gives the statistical analysis results of these correlations in
terms of AARE, R2, and PC. Umf for most practical gas-solid systems
is within 0–2 m/s, and it is seldom to find Umf larger than 2 m/s. A
careful check with the data sets mining from the literature showed
that Umf of 2.80 m/s and 2.70 m/s were exceptionally obtained for
ceramic ball of 5.6 mm (Jing et al., 2001) and char agglomerates of
5.0 mm (Laugwitz et al., 2017), respectively. Note that in both
cases the bed materials are essentially Geldart Group D particles.

It is clearly seen from Fig. 1 that the shapes of the curves for
these six selected correlations have striking similarities, and they
all over-predict the Umf. Particularly, when the values of extracted
Umf are greater than �70 cm/s, the discrepancy between the calcu-
lated and extracted Umf begins to increase significantly, and the
calculated values are almost an order of magnitude of the extracted
values. Results shown in Figs. S1-S3 indicate that for any Geldart
Group particles, the correlation proposed by Tannous et al.
(Tannous and Lourenço, 2015) gives the lowest predictive capabil-
ity and overestimates the Umf, presumably because the mixture of
biomass particles was used to measure the Umf and derive the cor-
relation in their work. This result suggests that the correlation
derived from mixed particles has certain limitations and may not
be suitable for the monodisperse particle system.

As depicted in Table 1, when used as a correlation to determine
Umf of Geldart Groups A, B and D particles at the same time, the
values of R2 for these six correlations are all negative. This is espe-
cially true for Geldart Group D particles. And this makes it clear
that this type of correlation obviously cannot be used as a general
correlation for the prediction of Umf of all Geldart Group particles.
For Geldart Groups A and B particles, except for the correlation of
Tannous et al. (Tannous and Lourenço, 2015), most of the data
points are scattered within the given error range, and the lowest
values of PC are �62.6% and �70.5%, respectively. It is also noticed
that these correlations are inclined to underestimate Umf for Gel-
dart Groups A and B particles (Figs. S1-S2). The average values of
R2 for Geldart Groups A and B particles are 0.404 and 0.544, respec-
tively. And the average values of AARE are both small and around
0.3. These results indicate that, different from the conclusion of
Geldart Group D particles, these correlations can be used to predict
Umf for Geldart Groups A and B particles to some extent. The huge
performance differences among each Geldart Group particles may
be due to the fact that these correlations were mainly developed
for particles with diameters less than 2000 lm. However, the par-
ticle diameter distribution in our extracted database is relatively
wide, especially when the Umf is greater than �70 cm/s, the
D All

ARE R2 PC AARE R2 PC AARE R2 PC

.309 0.454 70.5% 0.753 �18.17 53.2% 0.411 �5.359 65.5%

.331 0.602 72.8% 2.036 �129.63 23.0% 0.703 �42.086 60.9%

.291 0.487 74.6% 0.772 �18.620 52.1% 0.404 �5.505 68.1%

.289 0.581 77.1% 1.120 �37.683 39.2% 0.483 �11.781 66.9%

.342 0.598 72.2% 2.091 �135.153 20.0% 0.722 �43.906 59.8%

.757 �7.39 0.7% 3.344 �98.486 0.0% 4.241 –32.414 1.1%



Fig. 1. Comparisons between the values of calculated and extracted Umf for different correlations with Remf ¼ A � Arb type.
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corresponding particle diameter is always greater than 2000 lm,
which is beyond the scope of their study.

In summary, for this type of correlation, it has certain limita-
tions and cannot be used as a general correlation to simultaneously
predict Umf of all Geldart Groups particles. However, as correlations
to predict Umf of individual Geldart Group particles, they exhibit
different predictive capabilities. Specifically, the correlation of
Fletcher et al. (1992) gives the best performance for Geldart Group
A particles with the highest values of PC (�65.6%) and R2 (0.471),
and the lowest value of AARE (0.335). The correlation of Doichev
et al. (Doichev and Akhmakov, 1979) gives the best performance
for Geldart Group B particles with the highest values of PC
(�77.1%) and R2 (0.581), and the lowest value of AARE (0.289).
And all these correlations are not suitable in prediction of Umf for
Geldart Group D particles.

3.1.2. Performances of empirical correlations with Umf ¼ K � Xa type
It is well accepted that Umf is sensitive to properties of particles

and fluidized gases, hence, Coltters et al. proposed a new type of
correlation that only considered the physical properties of particles
and fluidized gases using the dimensional analysis method
(Coltters and Rivas, 2004).

Umf ¼ K � Xa ð9Þ

X ¼
qp � qg

� �
gd

2

p

lg

0
B@

1
CA qp

qg

 !1:23

ð10Þ
4

where X is a function of dp, qp, qg, lg, and g. The empirical con-
stants K and a can be determined by data-fitting with the experi-
mental data.

Similarly, to illustrate the performance of this type of correla-
tion, six correlations (as listed in Table 2) are selected, and the
qualitative comparison results are shown in Fig. 2 and Figs. S4-
S6. Compared with the results of the first type of correlation shown
in Fig. 1, the differences between the values of calculated and
extracted Umf for this type are not significant. However, some note-
worthy differences are made for these correlations due to the dif-
ferences in empirical constants. First of all, the performances can
be divided into two cases, one is the under-prediction of Umf

(Fig. 2a, c, d), and the other is the overestimation of Umf (Fig. 2b,
e, f), which is particularly consistent with the results of Geldart
Group D particle (Fig. S6). Secondly, it is noticed in Fig. S4 that
except for correlations of Collters et al. (a) and (e) (Coltters and
Rivas, 2004), the other four correlations obviously over-predict
Umf of Geldart Group A particles. For Geldart Group B particles
(Fig. S5), the correlation of Collters et al. (a) (Coltters and Rivas,
2004) underestimates the Umf, while for the other five correlations,
the data points are scattered, with both overestimation and under-
estimation. These results indicate that the performances of these
correlations are very sensitive to the empirical constants.

Examination of Table 2 reveals that compared with the first
type of correlation, this format of correlation presents a worse pre-
dictive capability for Geldart Groups A and B particles, but gives a
better predictive capability for Geldart Group D particles. To
be specific, the values of R2 are all negative for Geldart Group A



Table 2
Statistical analysis results for different correlations with Umf ¼ K � Xa type.

Researchers Correlations A B D All

AARE R2 PC AARE R2 PC AARE R2 PC AARE R2 PC

Coltters et al. (a) (Coltters and
Rivas, 2004)

Umf = 4.7673*10-
6X0.71635

0.685 �0.194 33.8% 0.609 �0.279 17.5% 0.632 �0.386 7.5% 0.626 0.447 17.9%

Coltters et al. (b) (Coltters and
Rivas, 2004)

Umf = 1.145*10-
5X0.71957

1.865 �0.744 20.5% 1.050 �0.146 32.8% 0.497 �1.852 49.8% 1.060 �0.027 34.5%

Coltters et al. (c) (Coltters and
Rivas, 2004)

Umf = 7.9265*10-
4X0.50953

4.167 �0.835 3.1% 1.140 0.162 30.8% 0.360 0.409 50.2% 1.455 0.741 30.6%

Coltters et al. (d) (Coltters and
Rivas, 2004)

Umf = 7.1187*10-
5X0.61787

1.727 �0.377 17.4% 0.700 0.129 45.5% 0.406 0.366 44.2% 0.800 0.725 40.7%

Coltters et al. (e) (Coltters and
Rivas, 2004)

Umf = 4.3384*10-
7X0.89029

1.044 �0.512 38.5% 0.776 �0.240 50.1% 0.810 �12.353 39.6% 0.826 �3.494 46.0%

Zhong et al. (Zhong et al., 2008) Umf = 1.2*10-4X0.633 4.498 �2.034 3.1% 2.054 �1.235 14.7% 0.679 �2.868 37.0% 2.146 �0.444 17.7%

Fig. 2. Comparisons between the values of calculated and extracted Umf for different correlations with Umf ¼ K � Xa type.
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particles, indicating that this type of correlation is completely not
suitable for predicting Umf of Geldart Group A particles. For Geldart
Group B particles, only correlations of Coltters et al (c) and (d)
(Coltters and Rivas, 2004) have the positive values of R2, but they
are small, only 0.162 and 0.129. And the corresponding values of
PC are only 30.8% and 45.5%, respectively. The values of R2 of Colt-
ters et al. (c) and (d) (Coltters and Rivas, 2004) are 0.409 and 0.366
for Geldart Group D particles, and the corresponding values of PC
are 50.2% and 44.2%, respectively. These above results demonstrate
that this type of correlation also has high limitations and is only
applicable to a small amount of Geldart Groups B and D particles.
Obviously, this type of correlation cannot also be used as the
5

general correlation to simultaneously predict Umf of Geldart
Groups A, B and D particles

In summary, this type of correlation only preforms well in a
specific system, and it is not advisable to extrapolate this type of
correlation to predict Umf over a wide range of systems.

3.1.3. Performances of empirical correlations with Remf ¼ Ar
pþq

ffiffiffiffi
Ar

p type

In this type of correlation, Remf is a function of both Ar and
ffiffiffiffiffi
Ar

p
.

Four correlations, as listed in Table 3, are selected and evaluated,
and the results are shown in Fig. 3 and Figs. S7-S9.

As shown in Fig. 3, different from the results of the above two
types of correlations, this type of correlation gives rather accept-



Table 3
Statistical analysis results for different correlations with Remf ¼ Ar

pþq
ffiffiffiffi
Ar

p type.

Researchers Correlations A B D All

AARE R2 PC AARE R2 PC AARE R2 PC AARE R2 PC

Todes et al (Todes, 1958) Remf ¼ Ar
1400þ5:2

ffiffiffiffi
Ar

p 0.338 0.381 64.6% 0.284 0.494 75.7% 0.220 0.736 85.7% 0.279 0.875 76.1%

Davtyan et al. (Davtyan et al., 1976) Remf ¼ Ar
1040þ4:86

ffiffiffiffi
Ar

p 0.446 0.490 50.3% 0.382 0.579 65.6% 0.176 0.817 89.1% 0.348 0.908 68.3%

Fletcher et al. (a) (Fletcher et al., 1992) Remf ¼ Ar
790þ7

ffiffiffiffi
Ar

p 0.680 0.520 32.3% 0.508 0.552 50.1% 0.252 0.560 83.4% 0.480 0.822 54.5%

Fletcher et al. (b) (Fletcher et al., 1992) Remf ¼ Ar
1400þ5

ffiffiffiffi
Ar

p 0.338 0.384 64.1% 0.283 0.501 76.1% 0.208 0.761 87.2% 0.276 0.884 76.6%

Fig. 3. Comparisons between the values of calculated and extracted Umf for different correlations with Remf ¼ Ar
pþq

ffiffiffiffi
Ar

p type.
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able predictive capability, and most of the data points are scattered
within the relative error range. As depicted in Table 3, the values of
R2 of these four correlations are greater than 0.8, and the corre-
sponding values of PC are all greater than 50%. Among them, the
correlations of Todes et al. (1958) and Fletcher et al. (b) (Fletcher
et al., 1992) give the better performances, and the corresponding
values of PC are 76.1% and 76.6%, respectively. These results indi-
cate that this type of correlation can be used as a general correla-
tion to a certain extent with suitable empirical constants. In
particular, as depicted in Fig. S9 and Table 3, for Geldart Group D
particles, almost all of the data points are within the relative error
range, the values of PC are 85.7%, 89.1%, 83.4%, and 87.2% and the
corresponding values of R2 are 0.736, 0.817, 0.560 and 0.761,
respectively, indicating that this type of correlation can be confi-
dently extrapolated to systems with almost all types of Geldart
Group D particles. For Geldart Groups A and B particles, this type
6

of correlation shows slightly lower predictive capability; the aver-
age values of PC, R2, and AARE are 0.53, 0.44, 0.45 and 0.67, 0.53,
0.36, respectively. Besides, the correlation of Fletcher et al. (a)
(Fletcher et al., 1992) yields the lowest predictive capability of each
Geldart Group particle, which overestimates Umf of Geldart Groups
A and B particles (Figs. S7-S8) and underestimates Umf of Geldart
Group D particles (Fig. S9). The correlation of Fletcher et al. (b)
(Fletcher et al., 1992) may be considered as the most suitable
correlation among these four correlations for predicting Umf of all
Geldart Groups particles.

In summary, for this type of correlation, it is acceptable to predict
Umf of Geldart A, B andD particles at the same timewith appropriate
empirical parameters. Specially, it has been distinctly fitted with
Geldart Group D particles, but it is slightlyworse for Geldart Groups
AandBparticles,which is probablydue to the lackof considering the
inter-particle cohesive effect (Anantharaman et al., 2017).
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3.1.4. Performances of empirical correlations with
Remf ¼ ðK2

1 þ K2ArÞ0:5 � K1 type
To tackle the problem of lack of measured values for the bed

voidage and particle sphericity, Wen et al. proposed a simplified
form of Ergun equation by assigning values to the two lumped
parameters (Wen and Yu, 1966):

1:75
e3mfu

¼ C1 ð11Þ

150 1� emf

� �
e3mfu2

¼ C2 ð12Þ

C1Re
2
mf þ C2Remf ¼ Ar ð13Þ

Eq. 13 can be rearranged into the form of Eq.14, and the rela-
tionship between Remf and Ar is given by introducing the parame-
ters K1 and K2:

Remf ¼ K2
1 þ K2Ar

� �0:5
� K1 ð14Þ

It is worth noting that this type of correlation is the most widely
studied in the literature. And eight correlations listed in Table 4 are
selected and evaluated. Fig. 4 and Figs. S10-S12 display the com-
parison results. Although this type of correlation generally gives
acceptable predictive capability, correlations with different param-
eters still show significant discrepancies. As explicated in Table 4,
ignoring the correlation of Babu et al. (1978), the values of R2 range
from 0.639 to 0.909, and the corresponding values of PC range from
53.6% to 77.0%. Moreover, in consistent with the previous results
(Anantharaman et al., 2017), the correlation of Babu et al. (1978)
obviously overestimates Umf. Besides, the correlation of Hartman
et al. (2000) underestimates Umf for Geldart Group D particles
but gives reasonable predictions for Geldart Groups A and B parti-
cles (Figs. S10-12). Except for the correlations of Babu et al. (1978)
and Hartman et al. (2000), the average values of PC for Geldart
Groups A, B, and D particles are 58.4%, 69.7%, and 87.8%, respec-
tively, indicating that the applicability of these correlations to Gel-
dart Groups B and D particles is better than that to Geldart Group A
particles. This is similar to the results of the third type of correla-
tion listed in Table 3.

In summary, this type of correlation generally provides accept-
able predictive performances, especially for Geldart Groups B and
D particles. Although the performance of this type of correlation
for Geldart Group A particles is slightly worse, it is still better than
the other three types of correlations.
Table 4
Statistical analysis results for different correlations with Remf ¼ ðK2

1 þ K2ArÞ0:5 � K1 type.

Researchers Correlations A

AARE R2 P

Wen-Yu (Wen and Yu,
1966)

Remf ¼ (33.72 + 0.0408Ar)0.5 –33.7 0.357 0.382 5

Bourgeis et al. (Bourgeois
and Grenier, 1968)

Remf ¼ (25.462 + 0.0382Ar)0.5 –25.46 0.343 0.469 6

Babu et al. (Babu et al.,
1978)

Remf ¼ (25.252 + 0.0651Ar)0.5 –25.25 0.762 0.646 2

Biń (Biń, 1994) Remf ¼ (27.312 + 0.0386Ar)0.5 –27.31 0.335 0.445 6
Hartman et al. (Hartman

et al., 2000)
Remf ¼ (7.032 + 0.0101Ar)0.5 –7.03 0.340 0.404 6

Hilal et al. (Hilal et al.,
2001)

Remf ¼(13.072 + 0.0263Ar)0.5 –13.07 0.496 0.562 4

Mohanta et al. (Mohanta
et al., 2012)

Remf ¼ (41.962 + 0.049Ar)0.5 –41.96 0.371 0.370 5

Tannous et al. (Tannous
and Lourenço, 2015)

Remf ¼ (33.92 + 0.051Ar)0.5 –33.9 0.344 0.476 6
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Through the comprehensive evaluation of these four types of
correlations with the extracted database, it is clearly understood
that the predictive capabilities of these empirical correlations are
quite different from each other. Although some of these correla-
tions provide satisfactory performances, they exhibit remarkable
differences in both general form and in sensitivity to empirical
parameters. Herein, the third and fourth types of correlations exhi-
bit the smallest discrepancy in Umf predictions and provide the
best overall coverage across all Geldart Groups particles, while
the first and second types of correlations give the poor predictive
capability and can only be applied to specific systems. This may
be related to the location of the empirical parameters that need
to be determined; for the first and second types, the parameters
are in the exponential position, while the third and fourth types
use fixed exponents (Anantharaman et al., 2017).

3.2. Performances of the modified correlations

In this section, we will firstly modify the above four types of
correlations by determining the empirical parameters based on
the extracted database. Then, we evaluate their performances in
predicting Umf of all Geldart Groups particles.

For the first type of correlation, Remf ¼ A � Arb can be trans-
formed to Eq.15 in the format of natural logarithm:

log Remf

� � ¼ log Að Þ þ b � log Arð Þ ¼ K þ alogðArÞ ð15Þ
where K and a are parameters that can be determined through

regression analysis with the extracted database. Clearly, log(Remf)
and log(Ar) should have a linear relationship, which is confirmed
in Fig. 5a by displaying the log–log plot of Remf against Ar. As
shown in Fig. 5a, the equation excellently fits the data, and a closer
scatter of the data points around this fitted line is seen with a cor-
relation coefficient of R2 = 0.961, then the slope and intercept of
this line can be obtained:

log Remf
� � ¼ �6:86853þ 0:90526log Arð Þ ð16Þ

Remf ¼ 0:001040Ar0:905 ð17Þ
To assess this modified correlation, the values of the calculated

and extracted Umf are compared, and the results are shown in
Fig. 6a, Fig. S13, and Table 5. As shown in Fig. 6a and Fig. S13,
the trend of the curve is similar to that of Fig. 1, but the maximum
discrepancy is substantially reduced. When predicting Umf of all
Geldart Groups particles, although the value of R2 increases, it is
still negative (-1.685), which is also caused by the huge error in
B D All

C AARE R2 PC AARE R2 PC AARE R2 PC

6.9% 0.280 0.542 74.9% 0.175 0.813 88.7% 0.269 0.904 75.0%

6.2% 0.326 0.592 74.9% 0.186 0.817 89.1% 0.298 0.909 76.6%

8.2% 0.933 0.097 18.8% 0.522 0.369 41.5% 0.816 0.725 25.2%

4.1% 0.301 0.585 76.1% 0.181 0.817 89.1% 0.281 0.908 77.0%
4.6% 0.294 0.471 75.1% 0.393 0.025 32.8% 0.323 0.639 64.2%

2.1% 0.524 0.549 45.0% 0.211 0.734 86.8% 0.451 0.879 53.6%

4.9% 0.284 0.535 73.7% 0.190 0.812 88.3% 0.277 0.903 73.8%

6.2% 0.335 0.597 73.8% 0.236 0.786 84.5% 0.315 0.899 74.9%



Fig. 4. Comparisons between the values of calculated and extracted Umf for different correlations with Remf ¼ ðK2
1 þ K2ArÞ0:5 � K1 type.
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predicting Umf of Geldart Group D particles. For Geldart Groups A
and B particles, compared with the best correlations of Fletcher
et al. (1992) and Baeyens et al. (Baeyens and Geldart, 1973) listed
in Table 1, this modified correlation shows the worse predictive
capability with a lower R2, a higher AARE and an almost identical
PC. This unsatisfactory result may be related to the distribution
of different Geldart Group particles in the extracted database. In
this database, there are only 195 groups of Geldart Group A parti-
cles, and its proportion is 16.0%. While, the number of Geldart
Groups B and D particles are 756 and 265, accounting for 62.2%
and 21.8%, respectively. Therefore, the influence of Geldart Groups
B and D particles in determining the parameters is greater than
that of Geldart Group A particles. However, there is no doubt that
this result once again testifies that this type of correlation is not
suitable as a general correlation for simultaneously predicting
Umf of Geldart Groups A, B and D particle.

For the second type of correlation, a new equation in natural
logarithmic form can also be obtained by converting Eq. 9 to
Eq. 18:

log Umf
� � ¼ log Kð Þ þ a � log Xð Þ ð18Þ
Similarly, a log–log plot of Umf against X is plotted in Fig. 5b,

and a line is also obtained by fitting the data. However, compared
with Fig. 5a, a relative remoter scatter of the data points around the
line is obtained with a lower correlation coefficient of R2 = 0.769.
Then the parameters (K and a) can be derived:

log Umf

� � ¼ �10:4713þ 0:6667log Xð Þ ð19Þ
8

Umf ¼ 2:8338 � 10�5X0:6667 ð20Þ
The evaluation results of this modified correlation are shown in

Fig. 6b, Fig. S14, and Table 5. This modified correlation has a
slightly better performance than the best correlation of Coltters
et al. (d) (Coltters and Rivas, 2004) listed in Table 2. And the value
of AARE decreases from 0.800 to 0.745, and the corresponding val-
ues of R2 and PC increase from 0.725 to 0.730 and 40.7% to 44.2%,
respectively. Concretely, for Geldart Groups A, B and D particles,
the values of AARE decrease from 1.727 to 1.443, 0.700 to 0.694
and 0.406 to 0.376, the values of PC increase from 17.4% to
25.6%, 45.5% to 47.1% and 44.2% to 49.4%, but the values of R2

decrease slightly. However, the negative value of R2 of Geldart
Group A particles and the lower values (much less than 1) of R2

of Geldart Groups B and D particles testify that this modified cor-
relation still cannot be confidently extrapolated to a wide range
of systems.

For the third type of correlation, regression analysis can be per-
formed after several steps of transformation. After the first trans-
formation, Eq.21 can be obtained:

1
Remf

¼ aþ b
ffiffiffiffiffi
Ar

p

Ar
¼ a

Ar
þ bffiffiffiffiffi

Ar
p ð21Þ

then let Re
0
mf ¼ 1

Remf
;Ar

0 ¼ 1ffiffiffiffi
Ar

p , Eq.21 can be further simplified to

Eq. 22:

Re
0
mf ¼ bAr

0 þ aAr
0 2 ð22Þ



Fig. 5. Plots of log(Remf) versus log(Ar) (a), log(Umf) versus log(Ar) (b), Re
0
mf versus Ar

0
(c) and Ar versus Remf (d) with the extracted database.
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Hence, the plot of Re
0
mf against Ar

0
should yield a quadric curve,

and this is verified in Fig. 5c. The correlation coefficient R2, the
first-order and the second order coefficients of the curve are then
determined to be 0.903, 4.64 and 1208, respectively. Finally, this
modified correlation is obtained:
Remf ¼ Ar

1208þ 4:64
ffiffiffiffiffi
Ar

p ð23Þ

The evaluation results of this modified correlation are shown in
Fig. 6c, Fig. S15, and Table 5. Compared with performances of the
four correlations listed in Table 3, the predictive capability of this
modified correlation in predicting Umf of all Geldart Groups parti-
cles is slightly increased, with higher values of PC (76.4%) and R2

(0.906), and a lower value of AARE (0.291). Concretely, for Geldart
Group D particles, the values of PC, AARE and R2 are 89.4%, 0.177
and 0.815, respectively, which are the same as the results of the
correlation of Davtyan et al. (1976). While the values of PC of Gel-
dart Groups A and B particles increase from 50.3% to 64.6% and
65.6% to 74.9%, and the values of AARE decrease from 0.446 to
0.368 and 0.382 to 0.311, respectively. This result indicates that
this modified correlation can effectively improve the predictive
capability of Geldart Groups A and B particles on the premise of
ensuring the highly accurate prediction of Geldart Group D
particles.

Lastly, the parameters in the fourth type of correlation are
determined from Fig. 5d by plotting Remf against Ar with a correla-
tion coefficient of R2 = 0.792. It can be clearly seen that this fit is
9

reasonable up to Remf of 300 and Ar up to 5.0 � 106. The modified
correlation is shown in Eqs. 24–25:

24:275Re2mf þ 1354:354Remf ¼ Ar ð24Þ
Remf ¼ 27:8962 þ 0:0412Ar
� �0:5

� 27:896 ð25Þ

The evaluation results of this modified correlation are shown in
Fig. 6d, Fig. S16, and Table 5. Regardless of the predictive capability
of each Geldart Group particles or of all the Geldart Group parti-
cles, this modified correlation has almost the same performance
as the correlation of Bourgeis et al. (Bourgeois and Grenier, 1968)
Actually, this result is relatively easy to understand, considering
that the wide distribution of particle diameter (86–25,000 lm)
and particle density (1200–19,300 kg/m3) investigated in their
study (Bourgeois and Grenier, 1968), and their experimental condi-
tions basically covered the database that we extracted.

In summary, with the extracted database, we proposed four
modified correlations for different formulae. Compared with the
published correlations, these modified correlations also have their
limitations. But, on the whole, the third and fourth modified corre-
lations can achieve satisfactory performances in predicting Umf of
all Geldart Groups particles, especially for Geldart Groups B and
D particles.

Note that Umf is essentially determined by the balance between
the gravitational force and drag force of the gas-solid system, a
new formula for Umf prediction based on a fluidized bed drag cor-



Fig. 6. Comparisons between the values of calculated Umf and extracted Umf with modified correlations.

Table 5
Statistical analysis result for different modified correlations.

Modified correlations A B D All

AARE R2 PC AARE R2 PC AARE R2 PC AARE R2 PC

Remf ¼ 0:001040Ar0:905 0.358 0.304 65.1% 0.327 0.387 67.6% 0.534 �7.007 53.6% 0.377 �1.685 64.1%

Umf = 2.8338*10-5X0.6667 1.443 �0.395 25.6% 0.694 0.112 47.1% 0.376 0.385 49.4% 0.745 0.730 44.2%
Remf ¼ Ar

1208þ4:64
ffiffiffiffi
Ar

p 0.368 0.443 64.6% 0.311 0.561 74.9% 0.177 0.815 89.4% 0.291 0.906 76.4%

Remf ¼ (27.8962 + 0.0412Ar)0.5 –27.896 0.340 0.464 66.2% 0.320 0.593 75.3% 0.192 0.821 88.3% 0.296 0.910 76.6%

1305:556Remf þ 30:789Re1:657mf þ 19:474Re2mf ¼ Ar 0.348 0.465 66.7% 0.323 0.588 75.0% 0.186 0.824 88.7% 0.297 0.912 76.7%
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relation derived from DNS is proposed. At the point of minimum
fluidization, for a single isolated particle, gravity force (Fg) is bal-
anced by the sum of buoyancy force (Fb) and drag force (Fd):

Fd ¼ Fg � Fb ¼
pd3

p

6
qs � qg

� �
g ð26Þ

Considering that Fg and Fb are only related to properties of
particles and fluidized gases, thus, Umf mainly depends on Fd. A
variety of drag correlations have been proposed, and in this work,
we selected the drag correlation proposed by Tang et al. (2015). In
this correlation, the effect of particle mobility on the gas-solid drag
force for dynamic gas-solid fluidized beds is considered. To be
specific, the dimensionless drag force, defining by
normalizing the drag force with Stokes drag force, can be expressed
as the function of Re and solid volume fraction (£), shown in
Eq.27:
10
Fd £;Reð Þ ¼ 10£

1�£ð Þ2
þ 1�£ð Þ2 1þ 1:5

ffiffiffiffiffi
£

p� �

þ 0:11£ 1þ£ð Þ � 0:00456

1�£ð Þ4
þ 0:169 1�£ð Þ þ 0:0644

1�£ð Þ4
 !

Re�0:343

" #
Re

ð27Þ
This equation requires the measurement of £, to deal with the

lack of measured values for £, simplify, these terms containing £
can be lumped into constants A, B and C in Eq.28:

Fd £;Reð Þ ¼ Aþ Bþ CRe�0:343
� �

Re ð28Þ

Stokes drag force at minimum fluidization can be given by
Eq.29:

Fd;Stokes ¼ 3pldpUmf ð29Þ



Fig. 7. Plot of Remf versus Armf (a) and comparison between the values of calculated Umf and the extracted Umf with the new correlation (b).
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Combining the Eqs.26, 28, and 29, the following equation can be
obtained:

ARemf þ BRe2mf þ CRe1:657mf ¼ Ar ð30Þ
The right-hand side of this equation is Ar and the left-hand side

is a function of Remf. Compared with the fourth type of correlation,
Eq.30 has one more term and its exponent is 1.657. Then we obtain
a plot of Remf against Ar shown in Fig. 7a, the parameters are also
obtained through regression analysis, as shown in Eq.31:

1305:556Remf þ 30:789Re1:657mf þ 19:474Re2mf ¼ Ar ð31Þ
To test the validity of this new type of correlation, the values of

calculated and extracted Umf are compared and the results are
given in Fig. 7b, Fig. S17, and Table 5. Compared with other four
modified correlations and the published correlations, this new cor-
relation gives the best performances with the highest values of R2

and PC, and the almost identical value of AARE. This result indicates
that this new formula of correlation can be used as a general cor-
relation for the prediction of Umf of all Geldart Groups particles
in gas-solid fluidized beds and provides reasonable results for Remf

values of up to 350 and Ar values of up to 5.0 �10 6.

4. Conclusions

In this work, we use a recently established database of Umf

mined from published papers to assess the empirical correlations
with four different formulae for Geldart Groups A, B, and D parti-
cles, respectively. Evaluation results show that the performances
11
of correlations depend on the formulae and empirical parameters.
Basically the correlations with formulae in which the parameters
appear essentially in the exponential terms exhibit worse predic-
tive ability. Furthermore, the discrepancies between the calculated
and extracted Umf for Geldart Group A particles are normally larger
than that for Geldart Groups B and D particles. In view of that these
empirical correlations have strong application limitations, modifi-
cations to different formulae have been made using the extracted
database, to achieve satisfactory performances to predict Umf for
either Geldart Groups A, B, or D particles. A new type of correlation
derived from a DNS based drag force model is also proposed. By use
of this new formula, a general correlation is developed and the
evaluation results show that it can predict the Umf for Geldart
Groups A, B, and D particles with performances superior over
empirical correlations.
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