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ABSTRACT

The flow behavior of particle clusters with thermal convection in confined fluid flow has garnered considerable attention. One of the
remaining challenges is to understand the role of a porous structure of particle clusters in the confined thermal fluid flow. In present work, a
numerical study based on a double distribution function lattice Boltzmann model has been conducted to unveil the two-sided lid-driven cav-
ity flow containing a hot cluster formed by an array of center-placed solids. First, we investigated the heat transfer by varying the Richardson
number (Ri, from 0.01 to 1.0) and the solid fraction of the cluster (/, from 0.0143 to 0.6734) with fixed cavity Reynolds number (Re ¼ 1000)
and Prandtl number (Pr ¼ 0:7). The increase in Ri would lead to the formation of non-centrosymmetric streamlines and isotherms and an
increase in the total averaged Nusselt number Nua, in which several vortex structures being identified at high Ri and /. Then, we explored
the influence of permeability, quantified by the Darcy number (Da), by changing the porous structure of cluster via rearranging the array of
solids. It is found that a higher permeability could enhance heat transfer of particle cluster due to the increase in convection, but the smaller
surface area of solid particles would limit heat transfer. A correlation of Nua with respect to Ri and Da could be developed based on our two-
dimensional simulation results, allowing the evaluation of involved interplay between the porous structure of particle cluster and thermal
convection in confined flow via a simple yet effective way.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0200388

I. INTRODUCTION

The confined thermal particulate two-phase flow is of practical
importance in many industrial processes, for example, pulverized coal
combustion,1 rotary kiln,2 and mixing tank.3 As frequently observed,
the particles, rather than behaving as individual solids, always form
agglomerates or clusters in the confined two-phase devices due to the
particle–fluid interactions, which significantly influence the momen-
tum and heat transfer between particles and surrounding fluid
flows.4–6 Understanding the thermal particulate two-phase flow in
confined setup, therefore, demands fundamental yet insightful study.

In order to understand the mechanism underlying the heat trans-
fer performance of the particle clusters, numerous studies have been
conducted. The particle aggregations are usually treated as a single
cluster of particles.7–11 In these cases, the characteristic parameters, for
example, the porosity, Reynolds number, and Prandtl number, were
typically analyzed to unveil the heat transfer performance of the clus-
ters either qualitatively or quantitatively. For the particle-assembled
porous clusters, the group of particles behaves similarly to a solid

particle for a high solid fraction (or low porosity), while each particle is
similar to an isolated body for a low solid fraction.12 Wang et al.13

studied the convection heat transfer of the cluster of particles in the cir-
culating fluidized bed riser. They found that the increase in porosity of
the cluster and Reynolds number could enhance the heat transfer coef-
ficients, and the downward moving cluster shows higher heat transfer
coefficients than the upward moving one. Wittig et al.14 investigated
the heat transfer characteristics of the clusters constructed with several
spherical or cubical particles, and their results showed that the shape
of the particles has little relevance to the temperature distribution of
the cluster. For high Re, the Nusselt number could be enhanced with
the increase in porosity because of the dramatic increase in tempera-
ture and velocity gradients inside the cluster. They also developed the
relationships between the Nusselt number and Re and porosity. It is
worth noting that varying the temperature could induce the change in
the properties of the fluid flow, which further affects the momentum
and heat transfer between the particles and fluid flow.15,16 Tang et al.17

simulated the flow passing through the 10� 10 array of cylinders at
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Re ¼ 100 with the effect of opposing buoyancy. The results showed that
the averaged Nusselt number of the high solid fraction array is enhanced
at first but then decreases with the increase in Richardson number Ri, as
for the lower solid fraction, the averaged Nusselt number nearly linearly
decreases with the increase in Ri. Fu et al.18 implemented a particle-
resolved direct numerical simulation to study the heat convection of
fluid flow with temperature-dependent properties. They examined the
fluid flow pass through the clusters constructed by randomly distributed
sub-particles and preliminarily modeled the sub-grid heat transfer cor-
rections of the cluster with the influence of heterogeneity.

However, the aforementioned studies mostly focus on the heat
transfer of particle clusters in fluid flow without considering confine-
ment effects. In fact, it is a non-trivial task to account for the confine-
ment effects encountered in practical two-phase flow setups due to the
complex geometry and involved boundary conditions. The lid-driven
cavity flow has long been considered as an ideal confined fluid flow
model. This is because, despite the simple geometry, the lid-driven cavity
flow exhibits numerous fluid flow phenomena only found in the con-
fined flows.19 Therefore, heat transfer in cavity flow has received consid-
erable attention so far. For example, Khanafer et al.20 studied the mixed
convection in a lid-driven cavity with two cylinders, and Gangawane
et al.21,22 investigated the mixed convection in a lid-driven cavity with a
triangular block. The results showed that the insertion of obstacles in the
confined flow could significantly affect the fluid flow and heat transfer.
Later on, the porosity of the obstacles in the cavity has been researched.
As reported, Taghizadeh and Asaditaheri23 investigated the heat transfer
in an inclined lid-driven cavity with a circular porous cylinder using the
volume-averaged theory. Kashyap and Dass24 studied a two-sided lid-
driven cavity with a porous blockage. Furthermore, the cavity flows with
multi-bodies have been studied by some researchers. Merrikh and
Lage25 studied the natural convection in a cavity filled with several con-
ducting rods and showed that the arrangement of the blocks dominant
the flow patterns and affects the heat transfer across the cavity. Liu
et al.26 investigated the Rayleigh-B�enard convection in the cavity filled
with solid obstacles and showed the non-monotonic variation of the
Nusselt number with the decrease in porosity, due to the competition
between flow coherence and porous structure resistance. It can be con-
cluded that the porosity structure of the embodied obstacles would affect
the fluid flow and heat transfer in the cavity. However, the role of the
porous structure of particle clusters in fluid flow and heat transfer in lid-
driven cavity flow is yet to be understood.

The purpose of the present work, therefore, is to conduct the fun-
damental research to understand the effects of permeability on the heat
transfer and fluid flow around the particle cluster in the confined flow,
and then build the mathematical model of heat transfer related to cluster
in the particle-laden two-phase flows. For simplicity, we conducted the
preliminary investigation of a cluster formed by an array of particles in
different regular arrangements, which is located in the center of a two-
dimensional two-sided lid-driven cavity with mixed convection. The
two-dimensional study is conducted in the present work due to the high
demand of computational sources of the three-dimensional simulations.
As a preliminary work, the two-dimensional system, though simplified,
could still reflect most of the physics encountered in the three-
dimensional system.27 Nevertheless, in the future the three-dimensional
simulations will be conducted for a more detailed and quantitative anal-
ysis. A double distribution function lattice Boltzmann model is applied
for the particle-resolved simulations. Essentially the influence of the

permeability of particle cluster on the patterns of fluid flow around and
in the cluster as well as heat transfer are insightfully discussed.

II. PROBLEM FORMULATION

The setup of the system is depicted in Fig. 1. The two-dimensional
two-sided lid-driven cavity, with the length and height of L, is filled with
incompressible Newtonian fluid. The fluid is driven by the top and bot-
tom walls with the speed of U in opposite directions. The fluid in the
cavity is initially at a cold temperature Tc ¼ 0, and the temperatures of
the top and bottomwalls keep at Tc while the left and right walls are adi-
abatic. The cluster assembled by an array of particles in a square
arrangement is located in the center of the cavity, with a fixed size of
D ¼ 0:4L. The hot particles in the array maintains a high temperature
of Th on the surface. Hence, the fluid is heated by the cluster while
cooled by the top and bottom walls, and the flow in the cavity is pro-
pelled by the driven walls and the thermal buoyant force. The cavity sys-
tem is defined in a lattice unit in lattice Boltzmann method. The length
x, the velocity u, and the temperature T are related to the physical units

by x ¼ xpL
Lp
, u ¼ upU

Up
, and T ¼ Tp�Tc;p

Th;p�Tc;p
, respectively, where the subscript

p denotes the variables in the physical units and L and U are the refer-
ence length and reference velocity. Once the characteristic parameters
are given, e.g., the cavity edge length and lid-driven velocity, the variables
in the two units can be converted to each other. In addition, Th ¼ 1 and
Tc ¼ 0 are the reference high and low temperatures; thus, the tempera-
ture difference isDT ¼ 1. The heat transfer and fluid flow are quantified
by the dimensionless numbers, namely, Reynolds number Re, Prandtl
number Pr, and Richardson number Ri. They are written as

Re ¼ UL
�

;

Pr ¼ �

a;

Ri ¼ gb Th � Tcð ÞL
U2

;

(1)

FIG. 1. Sketch of the two-dimensional two-sided lid-driven square cavity flow with a
cluster formed by an array of center-placed solids.
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where � and a are the kinematic viscosity and thermal diffusivity of
fluid, respectively, b is the coefficient of thermal expansion, and g
is the value of gravity acceleration. The dimensionless numbers reflect
the characteristics of the fluid flow. The cavity Reynolds number Re is
the ratio of the inertia to the viscosity of fluid flow. In the present
work, it represents the magnitude of the force convection of the lid-
driven cavity flow. The Prandtl number Pr is a dimensionless number
describing the physical properties of the fluid flow, which is related to
the heat convection. The Richardson number Ri reflects the relative
strength of the natural convection induced by thermal buoyancy to the
forced convection induced by cavity walls.

The porosity and permeability of the cluster, relating to the
arrangements of primary solids and porous structures of the cluster,
would also have significant effects on the fluid flow around and
through the cluster. Various arrangements of the primary particles
that assemble the clusters have been reported in previous works,13,14,18

e.g., the particles with a fixed size that arranged in concentric rings,12

the particles with various sizes that arranged in a rectangular pat-
tern.17,28,29 In the present work, the two kinds of particle arrangements
are considered, namely, the various particle sizes array (VSA) and the
various particle numbers array (VNA). In practical applications such
as industrial catalytic processes, the catalyst particles are usually treated
as spheres. Thus, the circular particles are selected as the primary solids
to form the cluster. However, the clusters encountered in the industrial
processes typically exhibit irregular shapes due to the complicated
fluid–particle interactions. For simplicity, therefore, the rectangular
cluster formed with circular primary solids, which has sharp corners
and flat edges, leading to the rich phenomena of flow and heat transfer,
is considered in this work. The particles are uniformly arranged as a
center placed rectangular array, as shown in Fig. 1. In VSA, the pri-
mary particles (solid cylinders) are arranged as a 5� 5 array with the
varying diameter d. In VNA, the primary particles (solid cylinders)
have a fixed size of d ¼ 0:015L and are placed as an ni � nj array,
where NP ¼ ni � nj denotes the number of primary particles. Thus,
the gap between the adjacent particles D varies with the particle sizes
and particle numbers for the VSA and the VNA, respectively.

The properties of the clusters are shown in Table I. The solid fraction
is defined as the ratio of the total volume of the primary solids to the
volume occupied by the rectangle cylinder with the edge length of D:29

Thus, in the present work, the equation / ¼ NP � 1
4pd

2=D2 is used to
calculate the solid fraction, which stands for the proportion of the total
area (or the total volume) of the primary particles NP � 1

4pd
2 in

the area (or the volume) of the rectangular array enclosure (D2). The
porosity of the array enclosure is calculated by e ¼ 1� /. Then the
Darcy number of the cluster can be calculated by
Da ¼ k=D2 ¼ d2e3=ð180 1� eð Þ2D2Þ, in which the permeability k
represents the capability of the porous media to allow the fluid flow to
pass through, while the Darcy number Da is the normalized perme-
ability. The equation is known as the Carman–Kozeny equation,14,30

an empirical formula that correlates the permeability of the porous
media to the solid fraction and specific surface, which is expected to be
available in the two-dimensional configurations. Such an empirical
equation is a prior value that depends on the porous media itself which
is common in some research about particle-scale cluster14,31 as well as
the numerical simulations in the REV scale.32,33 The solid fraction and
permeability for either VNA or VSA can, thus, be obtained and are
listed in Table I. Note the case of the single solid rectangle with the
length of D is also simulated for comparison.

In addition, the heat transfer across the cavity flow is evaluated
by the Nusselt number, which represents the dimensionless heat trans-
fer rate, indicating the magnitude of convection heat transfer on the
surface. First, the total (conduction and convection) heat flux (J)34–36

can be obtained as

J ¼ u T � T0ð Þ � a$T; (2)

where u is the local velocity, T is the local temperature of fluid flow,
and T0 denotes the reference temperature. Then, the local Nusselt
number (NuÞ along the cavity walls and particle surfaces can be calcu-
lated as

Nu ¼ L
a T � T0ð Þ Jn; (3)

TABLE I. The properties of the particle cluster.

Arrangement NP D=d d=L / e Da

Solid Rectangle 1� 1 0.00 0.4000 1.0000 0.0000 0
Various particle
sizes array (VSA)

5� 5 0.10 0.0741 0.6734 0.3266 2:34� 10�6

5� 5 0.50 0.0571 0.4007 0.5993 2:43� 10�5

5� 5 1.00 0.0444 0.2424 0.7576 8:12� 10�5

5� 5 2.00 0.0308 0.1162 0.8838 2:69� 10�4

5� 5 5.00 0.0160 0.0314 0.9686 1:31� 10�3

5� 5 8.00 0.0108 0.0143 0.9857 3:02� 10�3

Various particle
numbers array (VNA)

4� 4 7.56 0.0150 0.0177 0.9823 3:79� 10�3

5� 5 5.42 0.0150 0.0276 0.9724 1:51� 10�3

6� 6 4.13 0.0150 0.0398 0.9602 7:00� 10�4

8� 8 2.67 0.0150 0.0707 0.9293 2:01� 10�4

10� 10 1.85 0.0150 0.1104 0.8896 7:21� 10�5

15� 15 0.83 0.0150 0.2485 0.7515 8:59� 10�6

23� 23 0.17 0.0150 0.5843 0.4157 2:63� 10�7
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where Jn stands for the J flux component on the normal direction n of
the boundary. Then, the averaged Nusselt number (Nu) on the bound-
ary is defined by

Nu ¼

ð
Nudsð
ds

; (4)

where s denotes the surface of the boundary wall. To evaluate the heat
transfer of the cluster quantitatively, the averaged Nusselt number
Nup;ij based on each single particle is defined as

Nup;ij ¼

ð
Nup;ijds

Sij
; (5)

where Nup;ij is the local Nusselt number distribution of the individual
particle in the array and the subscripts i and j indicate the number of
row and column of the particles in the array as shown in Fig. 1. Sij is
the surface area of each particle. In addition, the heat transfer perfor-
mance of the whole cluster is evaluated by the total averaged Nusselt
number (Nua) based on the surface of the array enclosure, which is
calculated by

Nua ¼ 1
4D

X
SijNup;ij; (6)

where 4D is the surface area of the square array enclosure.

III. NUMERICAL METHOD
A. Thermal lattice Boltzmann equations

Here, the lattice Boltzmann model is adopted to investigate the
mixed convection in the cavity flow due to its easy implementation,
accuracy and natural parallelism.37 Therefore, the single-relaxation-
time double distribution function lattice Boltzmann equations based
on the BGK approximation are implement to model the fluid flow and
heat transfer in the cavity,38 which is written as

fi r þ eidt ; t þ dtð Þ � fi r; tð Þ ¼ � 1
sf

fi r; tð Þ � f eqi r; tð Þ
� �þ dtFi r; tð Þ;

(7)

gi r þ eidt; t þ dtð Þ � gi r; tð Þ ¼ � 1
sg

gi r; tð Þ � geqi r; tð Þ
� �

; (8)

where fiðr; tÞ and gi r; tð Þ are the fluid particle distribution function and
thermal energy distribution function at the position r and time t, and sf
and sg are the dimensionless relaxation time, respectively. Fi denotes the
discrete body force term exerted on the fluid flow. The nine-velocities
model (D2Q9) is implemented, and thus, the discrete velocities ei are

ei ¼

0; 0ð Þ i ¼ 0;

c cos i� 1ð Þp
2

� �
; sin i� 1ð Þp

2

� �� �
i ¼ 1–4;

�2c cos 2i� 1ð Þp
4

� �
; sin 2i� 1ð Þp

4

� �� �
i ¼ 5–8;

8>>>>>><
>>>>>>:

(9)

where c is the lattice speed defined as the ratio of lattice length dx and
time step dt , which is normally selected as c ¼ dx=dt ¼ 1.

Furthermore, cs ¼ c=
ffiffiffi
3

p
is the lattice sound speed. For the incom-

pressible thermal fluid flow, the equilibrium distribution functions for
fi and gi are adopted as follows:

38,39

f eqi ¼ xi qþ q0 3
ei � u
c2

þ 4:5
ei � uð Þ2
c4

� 1:5
u2

c2

� �� �
; (10)

geqi ¼

qxiE � 3u2

2c2

� �
; i ¼ 0;

qxiE
3
2
þ 3ei � u

2c2
þ 9 ei � uð Þ2

2c4
� 3u2

2c2

� �
; i ¼ 1–4;

qxiE 3þ 6
ei � u
c2

þ 9 ei � uð Þ2
2c4

� 3u2

2c2

� �
; i ¼ 5–8;

8>>>>>>>><
>>>>>>>>:

(11)

where the weight coefficients xi are written as x0 ¼ 4=9, x1�4 ¼ 1=9;
and x5�9 ¼ 1=36. The mean density q0 is set as 1. The macroscopic
variables of fluid flow, i.e., velocity u, density q and temperature T are
defined as

q ¼
X8

i¼0
fi; (12)

q0u ¼
X8

i¼0
eifi þ dt

2
F; (13)

qRT ¼
X8

i¼0
gi; (14)

where R is the gas constant which can be calculated by c2 ¼ 3RT0 and
E ¼ RT, and T0 is the mean temperature of fluid flow and is set as Tc.
According to the discrete force scheme proposed by Guo et al.,40 the
macroscopic body force F is implemented in Eq. (7) via

Fi r; tð Þ ¼ 1� 1
2sf

� �
xi 3

ei � u
c2

þ 9
ei � u
c4

ei

� �
� F: (15)

In the present work, the body force F is the thermal buoyant force
which is modeled by the Boussinesq approximation

FB ¼ �q0gb T � T0ð Þ; (16)

where T � T0 is the deviation of actual fluid temperature T from the
reference temperature T0 ¼ Tc and q0 is the corresponding fluid den-
sity at T0.

The Chapman–Enskog expansion analysis bridges the lattice
Boltzmann equations and macroscopic incompressible Navier–Stokes
equations with the energy equation,38,39 then the relationship of the
kinematic viscosity � and relaxation time parameter sf , as well as the
relationship of the thermal diffusivity a and relaxation time parameter
and sg are given as

� ¼ 1
6

2sf � 1ð Þ; (17)

a ¼ 1
3

2sg � 1ð Þ: (18)

B. Boundary treatment

The interactions of fluid flow and solids are implemented
through the no-slip velocity boundary condition and constant temper-
ature thermal boundary condition, namely, the Dirichlet boundary
condition. For example, the treatment of the complex curve boundary

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 043328 (2024); doi: 10.1063/5.0200388 36, 043328-4

Published under an exclusive license by AIP Publishing

 03 D
ecem

ber 2024 08:05:15

pubs.aip.org/aip/phf


which does not conform to the Cartesian grid shape is shown in Fig. 2,
the unknown distribution function fiðrf ; t þ dtÞ and giðrf ; t þ dtÞ on
the lattice node rf that linked by the wall node rw in the direction ei
(i.e., rf ¼ rw þ eidt) are to be determined to finish the streaming step.
The curve boundary intersects with the link between rw and rf on
boundary point rb, a parameter q is introduced to quantify the location
of rb,

q ¼ rf � rbj j
rf � rwj j : (19)

The non-equilibrium extrapolation method developed by Guo
et al.41 is implemented. The fluid “fictitious” post collision density dis-
tribution function f þi ðrw; tÞ on rw can be calculated by decomposing
the distribution function fiðrw; tÞ into its equilibrium and nonequilib-
rium parts

f þi rw; tð Þ ¼ f eqi rw; tð Þ þ 1� 1
sf

� �
f neqi rw; tð Þ: (20)

According to Eq. (10), the equilibrium part f eqi rw; tð Þ is approximated
by

f eqi rw; tð Þ ¼ xi qw þ q0 3
ei � uw

c2
þ 4:5

ei � uwð Þ2
c4

� 1:5
uw

2

c2

� �� �
;

(21)

where the approximation density on rw is qw ¼ qðrf Þ and the approx-
imation velocity can be determined by linear extrapolation

uw ¼ uw;1 q � 0:75;
quw;1 þ 1� qð Þuw;2 q < 0:75;

	
(22)

where uw;1 and uw;2 are two approximation velocities based on the
extrapolation schemes depending on the velocity uf on the position rf
and uff on the position rff as well as the boundary velocity ub on the
boundary rb, i.e.,

uw;1 ¼ ub þ q� 1ð Þuf
q

;

uw;2 ¼ 2ub þ q� 1ð Þuff
1þ q

;

8>>><
>>>:

(23)

In addition, the nonequilibrium part f neqi ðrw; tÞ is obtained by
extrapolation

f neqi rw; tð Þ ¼ f neqi rf ; tð Þ q � 0:75;

q f neqi rf ; tð Þ þ 1� qð Þf neqi rff ; tð Þ q < 0:75:

(
(24)

For the fixed wall, the wall and fluid nodes are invariable, and the
boundary velocity ub ¼ 0.

For the temperature field, the similar boundary condition treat-
ment based on non-equilibrium extrapolation method42 is written as

gþi rw; tð Þ ¼ geqi rw; tð Þ þ 1� 1
sg

� �
gneqi rw; tð Þ; (25)

where the equilibrium part geqi rw; tð Þ is determined according to Eq.
(11), the approximation of density qw and velocity uw are obtained
previously, and the approximation of temperature is obtained by

Tw ¼ Tw;1 q � 0:75;

qTw;1 þ 1� qð ÞTw;2 q < 0:75;

(
(26)

Tw;1 ¼ Tb þ q� 1ð ÞTfð Þ=q ;
Tw;2 ¼ 2Tb þ q� 1ð ÞTff

1þ q
;

8><
>: (27)

note qe ¼ qRT. The temperature of boundary Tb is a given constant
for the Dirichlet boundary condition. In addition, the nonequilibrium
part gneqi rw; tð Þ is obtained by

gneqi rw; tð Þ ¼ gneqi rf ; tð Þ q � 0:75;

qgneqi rf ; tð Þ þ 1� qð Þgneqi rff ; tð Þ q < 0:75:

(
(28)

Moreover, the non-equilibrium extrapolation method is also
implemented for the boundary condition on cavity wall.43,44 Note the
Neumann thermal boundary condition is implemented for the adia-
batic side walls, and the wall temperature is predetermined by second-
order discretization42

Tw ¼ 1
3

4Tf � Tff � 2
@T
@n

� �
i
eij jdt

 !
; (29)

where n denotes the normal direction of the boundary wall and @T
@n

equals to zero for the adiabatic wall.

IV. VALIDATION
A. Model validation

In order to validate the accuracy of the numerical method, the
natural convection in a square cavity that contains an isothermally
heated cylinder is simulated. The cylinder of diameter D ¼ 0:4L is
located at the position of 0:5L; 0:6Lð Þ, where L ¼ 500 is the cavity
length. The velocity of fluid flow satisfies the non-slip boundary condi-
tion on the cavity walls and cylinder surface. In addition, the side walls
of the cavity are kept at temperature Tc ¼ 0, and the top and bottom
walls are adiabatic. The surface temperature of cylinder maintains
Th ¼ 1, which heats the surrounding fluid and propels the natural
convection. The dimensionless parameters, i.e., the Rayleigh number
and Prandtl number, are set as Ra ¼ gb Th � Tcð ÞL3=�a ¼ 106 and
Pr ¼ 10, according to the various previous works.45,46FIG. 2. Schematic of curve boundary treatment in the Cartesian grids.
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As shown in Fig. 3, the streamlines and isotherms at steady state
present axisymmetric distributions due to the axisymmetric setup. The
propelled fluid flow forms two vortices at the left and right side of the
cylinder owing to the buoyancy effect, while the high-temperature area
is over the cylinder and the low-temperature area is below the cylinder.
The results show good agreement with Refs. 45 and 46. Moreover, the
local Nusselt numbers along the sidewall (Nuw) and half cylinder cir-
cumference (Nuh) are calculated according to Eq. (3) as shown in
Fig. 4. The high values of Nuw and Nuh on the top of the sidewall and
bottom of the cylinder surface also indicate the high temperature gra-
dients, which is consistent with the isotherms in Fig. 3. The quantita-
tive consistency validates the accuracy of the numerical method.

B. Grid independence

To validate the grid independence of the numerical model, the
mixed convection in the cavity containing the cluster is investigated by
various grid sizes. The cluster of VSA with D ¼ 0:4L and / ¼ 0:2424

and the cluster of VNA with D ¼ 0:4L and / ¼ 0:5843 are consid-
ered, with the cavity length being divided into 500, 750, 1000, and
1250 grids. The typical dimensionless numbers of the cavity fluid flow
are Re ¼ 1000, Pr ¼ 0:7, and Ri ¼ 0 or 1. Table II shows the compu-
tational results of various mesh grids. The averaged Nusselt numbers
on the particle surface Nup are calculated, which shows the consistency
across different grid sizes, and indicates the reliability of the simula-
tion. The relative deviation of the averaged Nusselt number is less than
0.4% for the VSA and less than 0.7% for the VNA when L ¼ 1000,
compared to the situations with smaller grid size. In addition, the
velocity profile along the vertical centerline of the cavity flow contain-
ing VNA with / ¼ 0:5843 and Ri ¼ 0:01 is obtained (see Fig. 5). It
shows that the results of L ¼ 1000 is consistent with the results with
finer mesh grid. Hence, L ¼ 1000 is chosen to save the computing
time and assure the accuracy and efficiency of the simulations. Such

FIG. 3. The streamlines and isotherms at steady state of the natural convection in
the square cavity with the hot cylinder.

FIG. 4. The local Nusselt numbers variation along: (a) the sidewall and (b) the cylinder surface, compared to the results of Demird�zi�c et al.45

TABLE II. Comparisons of the averaged Nusselt numbers of the particles for different
grid size cases.

Geometry Grid size Ri Nup

VSA / ¼ 0:2424 500� 500 0.00 2.253
750� 750 0.00 2.267
1000� 1000 0.00 2.278
1250� 1250 0.00 2.286
500� 500 1.00 7.491
750� 750 1.00 7.572
1000� 1000 1.00 7.617
1250� 1250 1.00 7.645

VNA / ¼ 0:58 43 500� 500 0.00 0.307
750� 750 0.00 0.315
1000� 1000 0.00 0.320
1250� 1250 0.00 0.322
500� 500 1.00 0.647
750� 750 1.00 0.665
1000� 1000 1.00 0.674
1250� 1250 1.00 0.678
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mesh grid also ensures the fully-resolved simulations in which the par-
ticles are resolved by at least 15 grids.

V. RESULTS AND DISCUSSION

In this section, the simulations are conducted focusing on the
fluid flow and heat transfer in the two-sided lid-driven cavity contain-
ing a cluster of particle array with various arrangements and solid frac-
tions. The Richardson number of the cavity flow is set as
Ri ¼ 0:01–1:00. Since the different arrangements of VSA and VNA
are adopted, the corresponding solid fraction of cluster is
/ ¼ 0:0143–0:6734, note / ¼ 1 represents the case of single solid
rectangle. The Reynolds number and the Prandtl number of the cavity
flow are fixed at Re ¼ 1000 and Pr ¼ 0:7, respectively. The speed of
driven wall is selected as U ¼ 0:05, and the viscosity and thermal dif-
fusion coefficient are � ¼ 0:05 and a ¼ 0:0714, respectively.

The convergence criteria are essentially applied to evaluate
whether the deviations of the velocity and temperature of fluid flow at
the consequent time steps are lower than a pre-defined threshold for
terminating the simulation. Note that the velocity field is vector field, a
normalized L2-norm form as shown in Eq. (30) is usually imple-
mented as the convergence criteria according to Guo et al.40

Erru ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rr u r; tð Þ � u r; t � dtð Þ
 �2q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rru r; tð Þ2

q < �u: (30)

As the temperature field is a scalar field, a normalized L1-norm is
adopted following Ref. 47

ErrT ¼ Rr T r; tð Þ � T r; t � dtð Þ�� ��
Rr T r; tð Þ�� �� < �T ; (31)

which could accelerate the convergence. In this work, the convergence
criteria Eqs. (30) and (31) are, respectively, used for velocity and

temperature field simulation with �u ¼ �T ¼ 10�8. The evolutions
of Erru and ErrT with time indicate the simulations are converged,
and the fluid flow and temperature fields could reach the steady
state.

A. Flow patterns and temperature fields

The fluid flow and temperature fields in the cavity are discussed
in this section. Figure 6 shows the streamlines and isotherms of the
cavity flow with the cluster at high /. For example, the results of the
VSA with / ¼ 0:6734 are depicted in Figs. 6(a)–6(c). For Ri ¼ 0:01 as
shown in Fig. 6(a), the isotherms and streamlines exhibit annular dis-
tributions around the cluster, with two corner eddies observed in the
top-left and bottom-right corners of the cavity can be observed. The
centrosymmetry of the flow patterns indicates that the lid-driven
forced convection is dominant, while the buoyancy effect is low due to
the small Ri. In addition, the internal fluid flow within the cluster is
too weak to be observed, which could be ascribed to the low porosity
of the cluster. The separations of the fluid flow can be observed near
the corner particles. This can be ascribed to the rectangular arrange-
ment of the particles, which creates the sharp corner of the cluster.48,49

Moreover, a pair of vortex structures with similar shapes located over
or below the cluster are formed, which indicates the dominant effect of
centrosymmetric forced convection. As the increase in Ri up to 0:25
according to Fig. 6(b), the flow field in the cavity becomes asymmetric
by the increase in buoyancy effect. The top-left corner eddy expands
while the bottom-left one shrinks. An extra vortex structure appears at
the right side of the array, this could be ascribed to the competition of
the rising flow due to the buoyancy effect near the cluster and the
downward flow near the cavity wall. Meanwhile, the streamlines at
the left side of the cluster attach to the body, which is induced by the
upward buoyancy and fluid flow. Such flow patterns indicate that the
aiding buoyancy delays the flow separation while the opposing buoy-
ancy results in a wider wake for the flow passing the heated particles,
which is qualitatively coincident with that of flow around a single cir-
cular or rectangular cylinder.50,51 In addition, the vortex structure
above the cluster shrinks while the one below expands. This indicates
that the convection effect near the bottom wall is higher compared
with that near the top wall, which enhances the separation of the flow.
For Ri ¼ 1 as shown in Fig. 6(c), the fluid flow is hard to pass through
the cluster and forms several small vortex structures around the clus-
ter. This could attribute to the mixed convection in the cavity flow,
which consists of the buoyant effect induced natural convection and
the lid-driven induced forced convection. With the increase in Ri, the
upward flows are enhanced by the thermal buoyancy. Then, the fluid
flows are confined and propelled by the cavity walls, leading to the for-
mation of the complex vortex structures. Furthermore, for the same
Ri, according to each column in Fig. 6, the streamlines and isotherms
of the VSA (/ ¼ 0:6734), the VNA (/ ¼ 0:5843) and the solid rect-
angle (/ ¼ 1) are similar with each other. Hence, the solid fractions
with the high values have little effects on the fluid flow and heat trans-
fer, indicating that the cluster behaves similarly to a single solid
particle.

On the other hand, the lower solid fraction could lead to different
heat and fluid flows in cavity depending on various Ri. The results of
the VSA with / ¼ 0:1162 and the VNA with / ¼ 0:1104 are shown
in Fig. 7. For Ri ¼ 0:01 according to Figs. 7(a) and 7(d), the annular
distribution of the streamlines and isotherms of the bulk of the cavity

FIG. 5. The normalized velocity distribution along x=L ¼ 0:5 of the cavity flow con-
taining VNA with / ¼ 0:5843 and Ri ¼ 0:01. The positions within the cluster corre-
spond to y=L ¼ 0:3–0:7.
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flow are similar to those of the higher / cases. Nevertheless, the low /,
namely,the high porosity could induce the fluid to penetrate through
the cluster, enhancing the permeability. The internal fluid swirls in the
array enclosure, and isolates with the external streamlines. This indi-
cates the domination of centrosymmetric lid-driven forced convection
effect with negligible buoyancy. As the Ri increases up to 0.25, as
shown in Figs. 7(b) and 7(e), the thermal buoyancy is enhanced, result-
ing in the streamlines crossing the array enclosure and the breaking of
the symmetry of the fluid flow. Hence the heat convection in the clus-
ter is improved and the heat is taken out of the array enclosure, causing
the further heated of fluid flows surrounding the cluster. Then, when
Ri ¼ 1:0 as shown in Figs. 7(c) and 7(f), the upward convection is
dominant in the cavity flow, and the development of thermal plume
over the cluster can be observed. This can be attributed to the perme-
ability of the cluster further enhanced the upward convection in the
array, which is also supported by Kashyap and Dass.24

B. Heat transfer characteristics

The evolution of flow and temperature fields with various Ri and
/ suggests the differences in the heat transfer characteristics of the

cavity flow. To quantitatively evaluate the heat transfer performance of
the particle cluster, the averaged Nusselt numbers are calculated for
the clusters with different / at various Ri.

1. The effects of the Richardson number

Figure 8 shows the total averaged Nusselt numbers of the cluster
as a function of Ri at various /. The Nua increases with the rise in Ri,
exhibiting a particularly sharp increase when Ri is around 0.4. This
indicates that, as Ri increases from 0.01, the buoyant effect gradually
becomes dominant in the cavity flow compared to the lid-driven
forced convection, promoting the convection within the cluster.
However, after Ri is around 0.8, the Nua growths slowly. It is widely
reported that the averaged Nusselt number of the particle could be
improved with the increase in Ri for the uniform flow passing through
the fixed particle.52,53 The reason is that the buoyancy effect, which is
enhanced with Ri, accelerates the fluid flow that passes by the particle.
Hence, the heat convection on the surface of the particle is enhanced,
leading to the increase in the particle Nusselt number. In the present
work, however, the mixed convection occurs in the confined flow, in
which the balance of heat transfer between the particles cluster and

FIG. 6. The streamlines and isotherms in the two-sided lid-driven cavity flow containing a cluster with various arrangements: [(a)–(c)] VSA (/ ¼ 0:6734) at Ri¼ 0.01, 0.25,
and 1.0; [(d)–(f)], VNA (/ ¼ 0:5843) at Ri¼ 0.01, 0.25 and 1.0; and [(g) and (h)] the solid rectangle (/ ¼ 1) at Ri¼ 0.01, 0.25, and 1.0.
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cavity walls is eventually achieved. Although the heat convection is
enhanced with the increase in Ri, it could be limited due to the con-
straint of the cavity walls. Then, the heat around the particle cluster
cannot be efficiently transported out of the cavity, causing a higher
temperature of the fluid flow around the particles to the cluster. Hence
the temperature gradient around the particle cluster decreases, limiting
the increase in Nua.

2. The effects of the solid fraction and arrangements
of the cluster

In order to further understand the effects of / on the heat trans-
fer of the cluster, the distribution of averaged Nusselt numbers Nup;ij

of individual particles at various Ri is shown in Fig. 9. For the VNA
with / ¼ 0:2485 according to Figs. 9(a)–9(c), the averaged Nusselt
numbers of the internal particles exhibit the near-zero values, while
the higher averaged Nusselt numbers are observed for the particles at
the periphery of the array, especially for the corner ones. This demon-
strates the minimal contribution of the interior particles to the heat
transfer of the cluster. The rectangular arrangement of array causes the
high velocity and temperature gradients around the corner particles.
Then the heat transfer is sharply enhanced, which is similar to the solid
blockage reported by Islam et al.54 As the increase in Ri from 0.01 to 1,
the averaged Nusselt numbers for exterior particles increase signifi-
cantly, but the interior ones still remain negligible. The low porosity
limits the permeability of the cluster and suppresses the heat transfer
of the interior particles, although the increased buoyancy enhances the
convection and improves the heat transfer around the cluster. On the
other hand, the results of the VSA with / ¼ 0:0143 show differences
according to Figs. 9(d)–9(f). Despite the low averaged Nusselt numbers
of the interior particles for Ri ¼ 0:01, they are of considerable values
when the Ri � 0:25. It clearly demonstrates that the high porosity of
the cluster enhances the heat transfer at high Ri. Due to the buoyancy
induced natural convection at high Ri, the fluid flow passing through
the array enclosure improves the heat transfer of the interior particles.
Nevertheless, when the forced convection dominants in the cavity at
Ri ¼ 0:01, the swirling fluid flow within the cluster contributes slightly
to the heat transfer of the internal particles, despite the high permeabil-
ity of cluster.

Furthermore, the arrangements of the primary particles could
also affect the heat transfer of the cluster. For example, the Nua of the
VSA and the VNA with various / at Ri ¼ 0:25 and Ri ¼ 0:5 are
shown in Fig. 10. For each arrangement, the Nua is first enhanced but

FIG. 7. The streamlines and isotherms in the two-sided lid-driven cavity flow with various arrangement: [(a)–(c)] VSA (/ ¼ 0:1162) at Ri¼ 0.01. 0.25, and 1.0; and [(d)–(f)]
VNA (/ ¼ 0:1104) at Ri¼ 0.01. 0.25, and 1.0.

FIG. 8. The evolution of total averaged Nusselt number Nua with Ri for the cluster
with various /.
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then decreased with the decrease in /. However, the inconsistent
trends of heat transfer performance of the cluster are observed for the
VSA and VNA. According to the two cases marked ‘A’ in Fig. 10, the
clusters of two arrangements with the similar solid fraction
(/ ¼ 0:1104 for the VNA and / ¼ 0:1162 for the VSA) yield two
Nua values that are significantly different. In contrast, for the two cases
marked “B” in Fig. 10, the two clusters with different solid fractions
(/ ¼ 0:2485 for the VNA and / ¼ 0:6734 for the VSA) result in the
similar values of Nua. The results indicate that the solid fraction of the
cluster is not the only parameter that determines the heat transfer of

the cluster, the arrangement of the array could also affect the pore-
scale structure of the cluster, which influences the heat transfer.

In order to valid the effects of porous structure on the heat and
fluid flow, simulations are implemented at the REV scale of a lid-driven
cavity flow containing a square porous hot blockage. The numerical
method is shown in the Appendix, and the code is validated in the previ-
ous work of the authors in the isothermal cases.55,56 The setup of the
simulations can be referred in Fig. 1, note the particle cluster is replaced
by a centerly placed square porous block with a length of D and a tem-
perature of Th. Some parameters of the simulations are listed:
Re ¼ 1000, Pr ¼ 0:7, and Ri ¼ 0:5. For simplicity, the ratio of the vis-
cosities, thermal conductivities and thermal capabilities for the fluid flow
and porous media as set as 1. The mesh grid is set as L ¼ 400 for the
efficiency of the simulations. Corresponding to the marked “A” and “B”
cases in Fig. 10, four porous blockages with different solid fractions and
permeabilities are considered, namely, A1): / ¼ 0:1104, Da ¼ 7:21
�10�5; B1: / ¼ 0:1162, Da ¼ 2:69� 10�4; A2: / ¼ 0:2485,
Da ¼ 8:59� 10�6; and B2: / ¼ 0:6732,Da ¼ 2:34� 10�6.

The results of streamlines and isotherms are shown in Fig. 11,
which depict similar flow patterns and temperature fields compared to
the particle-resolved simulations. The fluid flow penetrates through or
passes by the porous blockage, enhancing the heat convection in the
cavity. In specific, the fluid flow enters the porous blockage from the
left and bottom edges, and leaves from the top edge after being heated
by the solid. Hence the plume can be observed over the blockage.
Several vortex structures are formed around the porous blockage,
which indicates the combination effect of the forced convection
induced by the cavity walls and the natural convention induced by

FIG. 9. The distribution of averaged Nusselt number Nup;ij of individual particles at various Ri for (a)–(c) the VNA with / ¼ 0:2485; and (d)–(f) the VSA with / ¼ 0:0143.

FIG. 10. The total averaged Nusselt number Nua of the VSA and VNA with various
/ at Ri ¼ 0:25 and 0:5.
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thermal buoyancy. According to Fig. 11, the streamlines and isotherms
exhibit the dependencies on the Da of the porous blockage. For the
low Da, the small vortex structures can be observed on the top edge of
the porous blockage, as shown in Figs. 11(c) and 11(d). However, for
the higher Da, for example, Fig. 11(b), the vortex structures cannot be
formed. This indicates that the fluid flow penetrates the porous block-
age more easily, which improves the heat convection in the porous
blockage. Thus, the temperature of the fluid flow over the porous
blockage is enhanced.

In order to analyze the effects of the porosity and permeability of
the porous blockage on the heat transfer performance, the total aver-
aged Nusselt number Nua of the porous blockage is calculated, as
shown in Fig. 12. Comparing the Nua in group “A” and “B,” the heat
transfer performance of the porous blockage can be significantly
increased with the increase in Da. This can be attributed to the fluid
flow penetrating the porous blockage which results in the stronger
heat convection. However, the relationship between the Nua and the
solid fraction is not so significant. For the group “A,” the similar solid
fractions of the two cases yield two significantly different Nua values.
In contrast, for the group “B,” the different solid fractions of the porous
blockage result in the similar Nua. This is consistent with the results in
particle-resolved simulations as shown in Fig. 10, although the Nua

does not exhibit the quantitative consistency due to the different

setting of the simulations. Therefore, the solid fraction / does not cor-
relate well with the evolution of Nua, while the Darcy number Da is
expected to explain the variation of the Nua.

Figure 13 shows the function of Nua with respect to the Da at
various Ri. For the lower Da, the increased permeability of the cluster
could enhance the heat convection in the cluster which increases the

FIG. 11. The streamlines and isotherms in the two-sided lid-driven cavity flow with various solid fractions and permeabilities of the porous blockage: (a) / ¼ 0:1104,
Da ¼ 7:21� 10�5; (b) / ¼ 0:1162, Da ¼ 2:69� 10�4; (c) / ¼ 0:2485, Da ¼ 8:59� 10�6; and (d) / ¼ 0:6732, Da ¼ 2:34� 10�6.

FIG. 12. The total averaged Nusselt number of the porous blockage with various
solid fractions and permeabilities.
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Nua. However, the further increase in permeability at higher Da causes
a decline of Nua, indicating an optimal condition of permeability of
the particle cluster which results in the highest heat transfer perfor-
mance. In addition, the optimal Da decreases with the increase in Ri
according to Fig. 13. This aspect will be further discussed later. In addi-
tion, for Ri ¼ 0:01, the Da has little effects on the Nua. This can be
ascribed to the domination of the centrosymmetric forced convection
within the cluster at the low Ri, which limits the heat transfer of inte-
rior particles. Furthermore, it is found that the Darcy number Da

correlates better with the variation of the total averaged Nusselt num-
ber of clusters compared to the solid fraction /, according to Figs. 10
and 13. This indicates that the Da estimated by the Carman-Kozeny
equation could reflect the geometry features of cluster, which signifi-
cantly influence the heat and fluid flow.

To further understand the underlying mechanism of the variation
in Nua with Da, the heat and fluid flow around the cluster with differ-
ent arrangements at Ri ¼ 0:5 are illustrated in Figs. 14(a)–14(c). The
orientations and lengths of the arrows represent the directions and
magnitudes of the total heat flux J that calculated by Eq. (2), providing
a visualization of the heat convection.34,35 In addition, Fig. 14(d) shows
the local Nusselt numbers Nua along the surface of the array enclosure,
which present the heat transfer rate in the normal direction of the sur-
face. A positive value of the local Nusselt number represents the output
of heat from the cluster toward the surrounding fluid flow, while a neg-
ative value indicates the input of heat to the cluster. According to
Fig. 14, the variation of the isotherms and J fluxes demonstrate differ-
ent heat transfer processes. For the VNA with / ¼ 0:1104
(Da ¼ 7:21� 10�5), the magnitudes of the J fluxes within the cluster
are significantly weaker, indicating that the heat transfer process
mainly occurs in the surrounding fluid flow of the cluster. The negligi-
ble heat transferred out of the cluster causes the lower Nua on the sur-
face of the array enclosure and the higher temperature of the fluid flow
within the cluster. Then, for the VSA with / ¼ 0:1162 (Da ¼ 2:69
�10�4), the J fluxes among the gaps between the internal particles are
enhanced, exhibiting the similar magnitude of heat transfer in the sur-
rounding fluid flow. This reflects the enhancement of the heat transfer

FIG. 14. The heat transfer of the cluster for different arrangements and solid fractions at Ri ¼ 0:5: (a)–(c) the isotherms and the total heat flux J and (d) the local Nusselt num-
ber on the surface of array enclosure.

FIG. 13. The total averaged Nusselt number Nua of the cluster with the variation of
Da and Ri.
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of the cluster. Also, the heat is transferred out of the cluster from edge
BC and CD, which increases the temperature of the surrounding fluid
flow. Meanwhile, the enhanced convection getting into the array enclo-
sure from the edge DA decreases the temperature of surrounding fluid
flow and increases the temperature gradient, thereby enhancing the
heat transfer of the interior particles. Despite the solid fraction of clus-
ter being similar to that of the case of VNA with / ¼ 0:1104, the pres-
ence of coarse particle of the VSA with / ¼ 0:1162 results in the
larger inter-particle gaps. Hence, the heat convection in the cluster is
promoted, and thus, the Nua and Nua of the cluster are increased. This
also demonstrates the limitation of the solid fraction or the porosity to
characterize the permeable media, instead, the permeability emerges as
a crucial factor that warrants further consideration. Finally, for the
VSA with / ¼ 0:0143 (Da ¼ 3:02� 10�3), the similar temperature
field and J flux distribution can be observed compared to the case of
/ ¼ 0:1162, the finer particles lead to the high porosity and perme-
ability of the cluster, enhancing the convection entering the array
enclosure from edge DA. The small surface area of the particles results
in the inadequate heat generation, causing the reduction in Nua along
the edge CD. Hence, although the enhanced convection due to the
higher permeability promotes the increase in Nua, the heat transfer
performance of the cluster is still limited by the surfaced area of the
particles, particularly at the high permeability. The competition of the
permeability and surface area induces the optimal condition of perme-
ability for the total averaged Nusselt number Nua of the cluster.
Hence, Nua first increases but then decreases with Da as shown in
Fig. 13. Moreover, it shows that the optimal Da decreases with the
increase in Ri according to Fig. 13. This can be explained by the fact
that the higher convection within the cluster at larger Ri promotes the
transfer of heat out of the cluster, enhancing the demand of heat gener-
ated by the particles. Thus, the surface area of the particles could more
readily limit the heat transfer performance of the particle cluster.

3. The correlation of Nusselt number

The prediction of the heat transfer performance of the particle
cluster is of significant importance in the particle-laden two-phases
flow with thermal effects.8,57,58 For example, Tang et al.17 developed
the linear correlation of the averaged total Nusselt number in relation
to the Richardson number and the solid fraction for fluid flow passing
through the array of solids. In the present work, the fully-resolved
numerical data also raises the well-fitted correlations of Nua of cluster
in the confined flow with respect to Ri and Da. The increase in Nua

with Ri for the lower Ri � 0:4 in Fig. 8 could be described by a qua-
dratic polynomial as follows:

Nua ¼ aþ bRiþ cRi2; (32)

where a, b, and c are parameters that correlate with Da. Besides, the
tendency of Nua varying with lgðDaÞ in Fig. 13 indicates the cubic
polynomial model as follows:

Nua ¼ Aþ Blg Dað Þ þ Clg Dað Þ2 þ Dlg Dað Þ3; (33)

where A, B, C; and D are the parameters relating to Ri. Hence, the corre-
lation of Nua can be modeled using a polynomial correlation involving Ri
and lgðDaÞ. That is to say, the parameters in Eq. (33) could be expanded
as the quadratic polynomial formula as shown in Eq. (32), namely,

w ¼ w0 þ w1Riþ w2Ri
2; (34)

where w indicates the parameters of A, B, C; and D. A curve fitting is
implemented and the results of the parameters are listed in Table III.
The heat transfer performance of the cluster can thus be predicted
using the correlation of Nua obtained from the fitting, and the results
are compared to the fully-resolved simulation as shown in Fig. 15 with
an average deviation of 9:2%. The predicted results closely align with
the diagonal, demonstrating the reliability of the correlation.

The correlation of Nua provides a simple way to estimate the heat
transfer performance of the particle cluster in a two-sided lid-driven
cavity flow. The effect of Ri is first considered, which reflects the com-
petition of forced and natural convections. In addition, the correlation
of Nua is the function of Da, or in other words, is the function of /
and d corresponding to the different arrangements of the particle clus-
ters. Note the Darcy number Da is calculated based on the permeabil-
ity of the cluster estimated by the Carman–Kozeny equation, which
could be not very applicable for very dilute clusters of bodies, especially
for the flow with nonnegligible inertial force. However, the fluid flow
that penetrates the cluster is actually very weak. Inspired by Tang
et al.,29 the Reynolds number Rea can be defined as

Rea ¼ UaD
�

; (35)

where Ua is the Eulerian averaged velocity in the array enclosure,
which is calculated by

Ua ¼ 1
Va 1� /ð Þ

ð
Va�Vb

uj jdV; (36)

TABLE III. The fitting results of the correlation of Nua to Ri and lg Dað Þ.

/ /0 /1 /2

A �4:69 �0:149 0:0097
B �65:80 �0:101 0:0405
C �278:780 10:495 �0:4413
D �284:74 23:392 3:2257

FIG. 15. The prediction values of Eq. (33) combined with Eq. (34) vs the simulation
results. The dashed lines correspond to the relative error of 620%.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 043328 (2024); doi: 10.1063/5.0200388 36, 043328-13

Published under an exclusive license by AIP Publishing

 03 D
ecem

ber 2024 08:05:15

pubs.aip.org/aip/phf


where Va and Vb are the volume (cross-sectional area) of the array
enclosure and particles. The cases of d=L equaling to 0.0108 and
0.0741, corresponding to the highest and lowest solid fractions studied
in the present work, results in Rea ¼ 0:7187 and Rea ¼ 1:8617, respec-
tively, for the Richardson number of 1.0. Hence, the flow inertia within
the cluster is quite small, which could improve the applicability of the
Carman–Kozeny equation in the present work.

However, it should be pointed out that arrangements of the arrays,
such as the distribution modes of the primary particles and the shape of
the clusters, could cause the differences in the cluster permeabilities. In
such cases, the Carman–Kozeny equation may not accurately predict
the permeabilities. To develop more accurate correlations of the heat
transfer of the particle clusters, it is essential to accurately determine the
permeability of the cluster. Darcy’s law provides a posteriori way, in
which the fluid and temperature fields should be obtained forehead.29

To establish the more accurate and general model of the permeability
for the particle clusters with various arrangements, a large amount of
the particle-resolved simulation data and theoretical derivations are
required. This an important focus in our future endeavors.

The present work has conducted numerical simulations to inves-
tigate the heat transfer of single clusters that are formed by the arrays
of primary solid particles with various arrangement in the confined
fluid flow. The effects of thermal buoyancy (quantified by Ri) and clus-
ter permeability (quantified by / and Da) are discussed. The increase
in Ri could enhance the heat transfer performance of the cluster, while
the cavity walls limit the increase in the total averaged Nusselt number
of the cluster, especially for the high Ri. In addition, it shows that the
Darcy number Da correlates well with the variation of Nua, compared
to the solid fraction / (or the porosity) of the cluster. Such aspect is
also validated by the corresponding simulations at REV scale. Quite a
few previous research only consider the effects porosity on the heat
transfer of the cluster13 or the fixed bed,7,8 which could result in the
deviations due to the various arrangements of the particles.
Furthermore, the correlation of the Nua with respect to Ri and Da is
developed based on results of the particle-resolved simulations. The
effect of permeability of particle cluster on the heat transfer is con-
cluded by the present two-dimensional study, which could still make
senses for the three-dimensional configurations. It should be pointed
out that the effect of the cavity wall to the heat transfer should be taken
into account with the higher Ri. In addition, our current work focused
on the stationary clusters. However, the dynamic structure of clusters,
which may result in some more complex fluid–particle interactions,
thus complicated fluid flow and heat transfer phenomena.13,59

Addressing these aspects will be a key focus of our future work.

VI. CONCLUSIONS

In this work, we present a two-dimensional numerical study of the
heat transfer and fluid flow in the two-sided lid-driven cavity containing
a hot cluster formed by an array of center-placed solids by use of a
particle-resolved double distribution function lattice Boltzmann
method. The effects of the Richardson number (Ri ¼ 0:01–1:00) and
solid fraction (/ ¼ 0:0143–0:6734) were investigated, with the fixed
Reynolds number Re ¼ 1000 and Prandtl number Pr ¼ 0:7.
Meanwhile, we focused on the influence of the porous structure of parti-
cle cluster by varying the arrangements of solids, and introduced the
Darcy number Da to evaluate the permeability of the clusters.

It is found that, with the increase in Ri, the buoyancy induced
convection breaks the symmetry of the streamlines and isotherms

around the cluster. The total averaged Nusselt number Nua is
enhanced with the increase in Ri. At high / the particle cluster exhibits
similar features, in terms of heat transfer and surrounding fluid flow,
to those of single solid rectangle, while at low / it would lead to strong
convection in the cluster embodied. In addition, it shows that the
Darcy numberDa correlates well with the variation of Nua, in contrast
to the solid fraction / (or the porosity) of the cluster. This is also vali-
dated by the corresponding simulations at the REV scale. The increase
in cluster permeability could significantly alter the heat transfer, result-
ing in an initial increase followed by a decrease in Nua as Da increases.
This can be explained that the higher permeability could significantly
enhance the heat transfer in the cluster, but the insufficient surface
area of the particles could limit the heat transfer performance. It is also
shown that an empirical correlation of Nua with regard to Ri and Da
could be developed based on the two-dimensional simulation results,
allowing the estimation of heat transfer of particle cluster in a confined
flow in a simple yet effective way.
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APPENDIX: THE LBM FOR VOLUME-AVERAGED
EQUATIONS IN REV SCALE

The volume-averaged macroscopic equations, obtained by
averaging the microscopic equations over a representative elemen-
tary volume (REV), are utilized to describe the heat and fluid flow
in the porous media. The equations can be solved using an LBM
framework.32,33 The corresponding double distribution function lat-
tice Boltzmann equations are written as

fi r þ eidt ; t þ dtð Þ � fi r; tð Þ ¼ � 1
sf

fi r; tð Þ � f eqi r; tð Þ
� �þ dtFi r; tð Þ;

(A1)

gi r þ eidt ; t þ dtð Þ � gi r; tð Þ ¼ � 1
sg

gi r; tð Þ � geqi r; tð Þ
� �

þ dtPi r; tð Þ; (A2)
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where the equilibrium distribution function f eqi and geqi are defined
as

f eqi ¼ xi qþ q0 3
ei � u
c2

þ 4:5
ei � uð Þ2
c4

� 1:5
u2

c2

� �� �
; (A3)

geqi ¼
rqcpT � cT þ xicT i ¼ 0;

xiT cþ qcp
ei � uð Þ
c2s

� �
i 6¼ 0;

8><
>: (A4)

where u and T are volume-averaged velocity and temperature, and

c is a free parameter. r ¼ e qcpð Þf þ 1� eð Þ qcpð Þs
h i

= qcpð Þf is the

heat capacity ratio, which indicates the relative thermal capacities of
the fluid and porous media. The discrete forcing term Fi and Pi are
calculated by

Fi r; tð Þ ¼ 1� 1
2sf

� �
xi

ei � u
c2s

þ ei � u
c4s

ei
� �

� F; (A5)

Pi r; tð Þ ¼ Sui r; tð Þ þ Qi r; tð Þ; (A6)

Sui r; tð Þ ¼ 1� 1
2sg

� �
xi

ei
c2s
� @ qcpTuð Þ

@t
; (A7)

Qi r; tð Þ ¼ 1� 1
2sg

� �
xi 1þ ei � u

rqcpc2s

� �
Q; (A8)

where F and Q are the body force and heat source. The macroscopic
variables can be calculated as

q ¼
X8

i¼0
fi; (A9)

qu ¼
X8

i¼0
eifi þ dt

2
F; (A10)

rqcpT ¼
X8

i¼0
gi þ dt

2
Q: (A11)

A heat source term is implemented to fulfill the fixed temperature
of the porous block within the region occupied by the porous block,
which is written as Q ¼ 2rqcp Th � Tð Þ=dt. The body force due to
the presence of porous media is defined as

F ¼ � e�f
K

u� eFeffiffiffiffi
K

p uj juþ eG; (A12)

where K ¼ e3d2e= 150 1� e2ð Þ½ � and Fe ¼ 1:75=
ffiffiffiffiffiffiffiffiffiffiffi
150e3

p
are the per-

meability and the Forchheimer form coefficient, respectively. G is
the external body force such as the buoyant force based on
Boussinesq approximation. The fluid velocity u can thus be calcu-
lated through

u ¼ V

d0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d20 þ d1 Vj jp ; V ¼ 1

q

X8

i¼0
eifi þ dt

2
G; (A13)

the parameters d0 and d1 are

d0 ¼ 1
2

1þ e
d
2

�f

K

� �
; d1 ¼ e

d
2
Fe
K
: (A14)

The lattice Boltzmann equations can be related to the volume-
averaged macroscopic equations,32,33 and the relaxation times can
thus be given as

�e ¼ c2s sf � 1
2

� �
dt; ve ¼ cc2s sg � 1

2

� �
dt; (A15)

where �e ¼ Je�f is the effective kinematic viscosity, Je is the viscosity
ratio. ve ¼ ae qcpð Þf ¼ evf þ 1� eð Þvs is the effective thermal con-
ductivity, relating to the thermal conductivities vf and vs of the fluid
flow and porous media.
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